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FOREWORD

This report was prepared by the Aerospace Sciences Laboratory of the
Lockheed Missiles and Space Company, Sunnyvale, California. It pre-
sents the final documentation for the digital computer Program for

Rapid Earth-to-Space Trajectory Optimization (PRESTO) developed by
Lockheed for the Langley Research Center under NASA contract NAS1-2678.
The computer program described herein was obtained from the NASA Request
for Proposal L-2704, Computer Program for Powered Trajectory Optimi-
zation. The development of this program was administered by the National
Aeronautics and Space Administration under the direction of Messers J. D.

Bird and J. R. Elliott with Mr. A. E. Brown acting as contract monitor.

Development of the program presented in this report began in April 1963
and was completed in May 1964. Mr. R. E. Willwerth was responsible for
program development. Optimization and control techniques were developed
by R. C. Rosenbaum and the major portion of the programming was done by
Wong Chuck. The work was performed under the cognizance of R. L. Nelson

and D. I. Kepler of the LMSC Aerospace Sciences Laboratory.

This report together with a FORTRAN source listing binary object deck and

symbolic deck concludes the work prescribed on contract NAS1-2678.



Abstract

The digital computer Program for Rapid Earth-to-Space Trajectory Opti-
mization (PRESTO) uses a "closed loop" steepest descent optimization
procedure to derive flight trajectories that produce maximum booster
payloads for a variety of space missions. Trajectories can be computed

in three degrees of freedom about a spherical rotating earth. Four powered
stages and three upper stage thrust cycles are accommodated. Coast periods
are permitted between each stage. Aerodynamic 1lift and drag forces are

included in the computations.

Particular attention has been devoted during program development to comput-
ing speed. The convergence scheme, the general program arrangement and the
subroutines have been selected with this in mind. In some cases standard
subroutines have been modified to provide significant increases in speed
for special applications. IRY 709L computing times under one minute are
currently being realized for complete three stage boost trajectory opti-

mizations from the earth's surface to earth orbit.

The optimization routine simultaneously considers the launch direction and
time, the interstage coast durations, the upper stage thrust sequencing,
the complete pitch and yaw attitude histories and the terminal constraints.
Intermediate constraints may be introduced on angle of attack, coast orbit
perigee altitude or on the product of angle of attack and dynamic pressure.
The closed loop procedure greatly facilitates the satisfaction of terminal
constraints and reduces the number of iterations required to achieve

convergence.



Four basic missions are accommodated by PRESTO; earth launch to earth orbit,
earth launch to lunar transfer, lunar landing from lunar orbit and earth
launch to interplanetary transfer. The lunar amd interplanetary transfer
missions cen also be initiated from earth orbit. Terminal constraints for
these missions have been developed in functional form.. This allows the
optimization of the combination of constraints required for specific mis-
sions along with the boost trajectory shape. From one to six terminal
constraints are permitted on earth orbit and lunar landing missions, two

or three constraints on lunar transfers and two constraints on interplane-
tary missions. Lunar, Mars, and Venus ephemeris routines are included in

the program.

For orbit missions constraints are imposed either directly on the injection
trajectory variables or on the orbit elements. When the orbit elements

are specified, the functional constraint relationships are used. For lunar
missions the constraint input is transfer time, day of launch and, if
desired, transfer orbit inclination. The constraint routine defines the
functional relationships between the injection trajectory variables that
produce the required lunar intercept using special closed form expressions

to represent the transfer orbit. For interplanetary missions the constraint
inputs are transfer time and launch date. The departure asymptote direction
and excess speed are computed from a matched conics routine and the functional
relationships between the injection trajectory variables are defined in terms

of the excess speed and the departure asymptote direction.
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INTRODUCTION

The ability to evaluate the performance of multi-stage boost systems is
a primary requirement for mission planning and preliminary design studies.

The preliminary nature of the studies dictates a minimum expenditure of

both time and money.

Unfortunately, large boost systems are usually limited by the propulsion
units, and therefore deliver maximum payload with low stage thrust-to-weight
ratios. This characteristic compounds the performance problem by increasing
the sensitivity of performance to the "tilt" or thrust vector orientation
program. Consequently the sensitivity of performance to changes in hard-
ware parameters cannot be properly evaluated unless the effect of tilt
program changes is eliminated by optimizing the tilt program for each set

of parameters. In the past, optimization of tilt programs during a para-

metric preliminary design study has been almost prohibitively expensive.

Additional complications are introduced when the mission requires the satis-
faction of a number of terminal or intermediate constraints. For some
missions, these constraints may not be imposed directly on the trajectory
variables but may only require that those variables be functionally related.
Such is usually the case for interplanetary missions, for example, where

the terminal constraints may be the hyperbolic excess speed and the departure
asymptote direction. The position and velocity vectors at injection are then
interrelated but not fixed, and the final combination of these vectors that
is selected should be optimized along with the booster tilt program if

maximum performance is desired.



Finally a number of parameters defining such quantities as the initial
launch vectors, the coast periods between powered stages, and the upper
stage thrust cycles may be treated as variables for certain boost hard-
ware combinations. These "adjustable parameters" should then be optimized
along with the tilt program and the terminal constraint combination to

produce maximum performance.

Recently, procedures that allow rapid and economical evaluation of tilt
histories have been developed. Recognizing the problem and the potential
of the new techniques, NASA formulated a request (L-2704) for development
of a digital program that will incorporate the new technology and provide
a significant advance in capability. LMSC also recognized the potential
of these developments and has vigorously pursued their exploitation. The
new, NASA program represents a natural extension of new optimization pro-
grams already developed by LMSC toward problems with additional degrees of

freedom and more complicated constraints.

The digital computer Program for Rapid Earth-to-Space Trajectory Optimiza-
tion (PRESTO) described in this document was developed to solve the
performance problem outlined above for orbital, lunar and interplanetary
missions. The formulation is such that solutions can be obtained in a
single computer run with a minimum of computer time. Optimization of
pitch and yaw tilt programs, constraint combinations and a variety of
adjustable parameters is accomplished simultaneously with a closed loop

steepest descent optimization routine.



A general description of the program organization is presented in Section 4

along with flow diagrams for the large subroutines. Symbols are defined
in Section 5. Section 6 serves as a manual for operating the program.
The data input and output formats are described and instructions are
given for using the program options. The section concludes with a few
comments on trouble shooting. All equations used in the program are
given in Section 7. Section 8 provides a discussion of the theoretical
methods used in the program and a detailed description of the programming
of the basic optimization equations. Several of the subroutines in the
program are of general interest and may be used in other programs.

These are described in Section 9. Special program options are discussed

in Section 10.
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PROGRAM ORGAN IZATION

In this section the overall format of PRESTO is presented. The
sequence of trajectory iterations leading to an optimum is first
described. Then the program organization, showing the general
computation flow among the various subprograms, is discussed.
Finally, lists of functions performed in each subroutine are pro-
vided along with block flow diagrams of some of the individual,

more complicated, subroutines.

Sequence of Trajectory Iterations

The several types of trajectory computations used in this program fall
first into the categories of either "forward" or "backward." On &
forward trajectory time proceeds positively and on a backward tra-
Jectory, negatively. On a forward trajectory only the equations

of motion are integrated; on a backward trajectory the adjoint

di fferential equations are solved. The next major categories are
"guidance" or "optimization." On a guidance trajectory one is
concerned only with meeting terminal constraints on the trajectory

variables; in optimization, mass improvement is attempted as well.

Since solutions of the adjoint equations are used differently for
forward guidance vs. optimization runs, a forward guidance run must

be preceded by a backward guidance run. Similarly, a forward optimiz-
ation run is preceded by a backward optimization run. Details of the
differences between these are defined in Section 8 (Optimization
Equations). The remaining major categories are "successful" or "unsuc-
cessful," as judged at the end of each forward trajectory. A successful

forward guidance trajectory satisfies terminal constraints within



acceptable limits, and a successful forward optimization achieves

some increase in terminal mass as well.

The sequence of trajectory iterations starts with the final category
of run, the initial nominal. This, of necessity, is simply an "open-
loop" integration of the equations of motion using an input thrust-
direction history. This trajectory is then used as the basis for a
backward guidance trajectory, which is followed by a forward guidance
run. It is always assumed that a forward guidance trajectory repre-
sents an improvement over the previous nominal. Thus each forward
guidance trajectory becomes the new nominal and the basis for a new
solution of the adjoint equations. Backward and forward guidance

runs are continued until one is judged "successful.”" At this point a
backward optimization run is made and the magnitude of the initial mass
improvement attempt is computed (see Section8). A forward optimization
run 1s made. If it is successful, it is used as the new nominal and
backward and forward optimization trajectories are computed, etec., If
it is unsuccessful, that trajectory is discarded and another forward
optimization is computed with half of the previous attempt at mass
improvement specified, etc. Thus, a succession of successful and
unsuccessful optimization runs are computed either until the attempted
mass improvement is smaller than a specified epsilon-weight or until
the count of forward trajectories is within one of a specified limit.
In either case, the sequence is then ended with a backward and a

forward guidance trajectory.
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1.

2.

3.

PRESTO

Sub-Program Names and Functions

MAIN Program

Set constants

Call REIN

Call OPTION

Compute integration intervals

Set up flags for adjustable parameters

Make lift-off calculation

Set limits on differential equations to be integrated
Determine what type of trajectory is to be computed
Set up initial values for stage indices

Compute initial delt-mass desired

Increment launch and stage weights

Call ICS

Call TRAJ

Check on meeting terminal constraints

Update lunar position data

Check on success of optimization

Store characteristics of successful run

TRAJECTORY Subroutine
Initial entry

Set integration to Runge-Kutta

Set initial stage and bring in stage data

Set output frequency (vs. stage and type of trajectory)
Pick up first point on backward trajectory

Loop entry

Test for time to set switch to compute change in adjustable parameter

Adjust matrices row limits for storing and picking up:
trajectory variables
capital lambda's or B's or D's

Call INSTOP

Call PCAL

Logic for coast perigee and circular park orbit constraints

Call COAST

Determine initial integration step size

Compute P matrix

Computs S matrix

Test for end of stage and/or trajectory

Call MEQ

Return to loop entry or initial entry

Call MISCON at end of trajectory

REIN Subroutine

Read input data



10.

11.

12.

OPTION Subroutine
Interrogate input options and set switches accordingly
Call LUNEPH or PLANEP
LUNEPH (Lunar Ephemeris) Subroutine
Compute lunar position for specified arrival date
PLANEP Subroutine

Compute planetary positions for specified trip
Compute required departure hyperbolic excess velocity vector

MISCON (Mission Constraints) Subroutine

Compute current value of stopping parameter
Compute achieved values of terminal constraints

ICS Subroutine
Assign initial conditions to trajectory and adjoint variables
Call DEQ

PCAL (Preliminary Calculations) Subroutine

Compute perturbations in control variables

Apply control variable constraints

Compute chantes in ad justable parameters

Check for switch between closed-loop and open-loop
Compute vector EK

ATMOS Subroutine

Compute atmospheric density, pressure and speed of sound
Compute partial derivatives re: atmosphere for adjoint equations

INSTOP Subroutine

Call ICS

Call INER

Store first point when going forward

Call OPCNL

Call RKAD

Pick up stored trajectory variables when integrating backward
Stop integration when stopping parameter is reached

Call MISCON

RKAD Subroutine

Logic for integration using both Runge-Kutta and Adams integration

b5



13. DEQ Subroutine
Calculate thrust and aerodynamic forces using ATMOS and LOOK
Check whether trajectory equations and/or adjoint equations are required
Compute time derivatives
1. MEQ (Matrix Equations) Subroutine
Evaluate trajectory deviations
Store trajectory variables
Generate lambda and I matrices
Compute A matrix
Invert A matrix (Call Subroutine INVERT)
Compute B, D and C, E matrices
Compute payload change for fixed final stage option
15. INVERT Subroutine
Invert Matrix
16. LOOK Subroutine
Linear interpolation table look up
17. OPCNL (output control) Subroutine
Write output
18. COAST Subroutine

Compute trajectory variables in closed form
Compute discontinuities in adjoint variables

19. INER Subroutine
Compute inertial trajectory variables
20. WIC Subroutine

Write out input data
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CODING NOMENCLATURE

AA A matrix

A92 A matrix at start of open loop computation
ACIN answer from L-quadrant arctan routine

AEH right ascension of VH vector

ARM right ascension of vehicle position @ lunar

radial distance

ALIT local speed of sound

ALPHAE right ascension of preseﬁt‘position

ALPHA net angle of attack from ETA and CHI

B B matrix

BEH BETAH--see planetary mission terminal
constraints equations

BRM BETAM~-~see lunar mission terminal constraints eguations

BETA in-plane range angle from ascending node

BETA 2 incremented BETA in closed-form coast equations

BETA C range angle in closed-form coast stages

BETAP argument of perigee

BFA 6 first buffer for tape 1

BFB 6 second buffer for tape 1

CCHI cosine of CHI

CCHIQ (ccHI)®

CD total drag coefficient

CiEL 2 in the calling sequence for buffer output

CEL 6 in the calling sequence for buffer output

CETA cosine of ETA



CETAQ (cETa)2

CGAM cosine of GAMMA (flight path angle)
CGANMI cosine of "inertial flight path angle
CHI thrust yaw angle

CHIRT function of CHI and ETA in PCAL

CLAM cosine of latitude

L 1ift coefficient

CPHI cosine of PHI (roll angle)

CPSI cosine of PSI (azimuth)

CPSII cosine of inertial azimuth

CPSIIQ (cps1I)®

C C mtrix

CRTIM time for end of stage

CRTIML time for end of lst burn in stage L
CRTTM2 time for end of 2nd burn in stage L
cTl Data block 10

CT2 Data block 11

CT3 Data block 12

CTh Data block 13

CTS Data block 1L

CTé6 Data block 15

CTAU cosine of longitude

D drag

DL first set of derivatives used in integration
D2 second " " " n " n
D3 third won " " " "
jo'l} fourth " " " weooon "



DAO
DAl
DA2
DAL
DAS
mé
DA7
DAS
DAG
DALO
DALl
DA12
DA13
DALY
DAH
DALPHA
DATE
DBETAG
DD

DEH
DELTAY
DELX
DEM

IIF
DPDANFUEL

DPDPSI(I)

Available data block (18)
Data block 16
" " 17
u u 19
" " 20
" " 21
" " 22
L L 23
" " 2L
" " 25
Available data block (26)
Data block 27
" " 28
" o 29
derivative of ALIT/altitude
change to be made in control variable (s) ALPHA
date
adjustment in BETAC
D matrix
declination of VH vector
increments in X's from integration routine
deviation(s) from nominal trajectory
declination of vehicle position @ lunar radial distance

used in numerical formulation of partial derivatives
across closed-form coast

partial derivative relating payload to fuel remaining
in final stage

partial derivative relating payload to error in
terminal constraint (I)
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MASD
P2
DPH

DPSI

DPSIS

DRH
DTAU

DTOLD

DWFUEL

DwP
DWPMAX

ET

ELAM2
ELM92
ELMDA
BL
ENU
mu2
ENUH
ENUM

ETA

calculated initial mass improvement
Estimate of integral of square of control deviations
derivative of pressure/altitude

negative of error in terminal constraints on latest
nominal trajectory

negative of error in terminal constraints on latest
trajectory

derivative of density/altitude

change to be made in adjustable parameter(s)
integration interval from previous step
current integration interval

propellant remaining at trajectory termination
increment to be added to payload

maximum change in payload at any one time

E matrix

angular momentum

I matrix

K vector

Latitude at end of coast

A matrix at start of open loop computation
l matrix

mass at end of closed-form lift-off

angle NU, longitude position from node
angle NU at end of coast

angle NU to VH vector

angle NU to lunar outward radial

ALPHA component in vertical plane

orbit inclination




)

MU
FMUDEH
FWA

FWB

GAMI

GAMI?

HCAM
HEADL

HEAD 2

HSTR

IBO
I3l
IB3
IBL
IBL

IC

J matrix

lift

Mo gravity constant

M/

storage area of latest nominal trajectory
storage area of latest trajectory

local acceleration due to gravity
inertial flight path angle

inertial flight path angle at end of coast
weight-to-mass conversion factor
altitude

altitude above which aerodynamic computations are
bypassed

MACH nunber

data block 1

data block 2

altitude at end of closed-form lift-off
geopotential altitude

used as index locally

data block 7 (available)

] 3] 9
Index used in read-in subroutine

1 for optimization; 2 for guidance



ICT(n) SUBSCRIPTED INTEGER SIGNAL FLAGS FOR TERMINAL CONSTRAINTS

ICT (1) cee 0 = One Constraint
1 = No .o

ICT (2) .o 0 = Two Constraints
1 = Less than Two .e

ICT (3) ves 0 = Three ..
1 = Less than .o ..

ICcT (L) ..s 0 = Four ..
1 = Less than .. .e

ICT (5) 0 = Five ..
1 = Less than .. ..

ICT (6) oo 0 = Six ..
1 = Less than .. .e
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INCODE flag for buffered output routine

I01 field indicators for data header cards
102 1" " " \1] 1 "
IOB | | " " i 1] 1]
IO].L 1" n 1" 1] " "
1P data block L; see list of options
Is21 0 = no circular park orbit
1 = circular park orbit (coast stage 8) is being used
RKAD IN_TEGBAII‘ION PACKAGE ENTEY FLAGS
INTG ces 1 = To start or re-start integration

A. Method of Integration .. RUNGE-KUTTA
B. 1Initial entry .. set by user
C. Subsequent entries .. set by RKAD

2 = Normal continuation of integration

A. Set by RKAD



1S (3)

Is (L)

1s (5)

Is (6)

1S (7)

Is (8)

s (9)

Is (10)

IS (11)

IS(n) SUBSCRIPTED INTEGER SIGNAL FLAGS

2 Degrees of freedom

3 Degrees of freedom
Rotating planet
Non-rotating planet

Zero density (Drag = Lift = Q)
Non-zero density

Zero drag

Non-zero drag

Zero 1lift

Non-zero 1lift

To by-pass option selections
To process option code
Correct flag

Wrong flag

Correct sub-options

Error in option code

Error exit from REIN

Proceed to case computations
End of job

To comput adjoint equations
To by-pass

Use past partial DT

Compute and use stage DT

Use stage DT
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I5

IS

1S

Is

IS

1S

Is

is

is

s

(12)

(13)

(1k)

(15)

(16)

(17)

(18)

(19)
(20)
(21)

(22)

.

Used in several places in connection with circular
park orbit option

O =
1 =
-1 =
0O =
1l =
0O =
1 =
o =
1l =
0 =
Q =
1 =
(AV)

Do not use coast equations for circular orbit
Use coast equations for circular orbit
Altitude constraint on circular park orbit
has just been violated

Altitude constraint on circular park orbit
has not been violated

Altitude of circular park orbit is being
constrained
Unsuccessful forward trajectory

Successful forward trajectory

IMASD has not been computed yet
Y{ASD has been computed

More forward runs are allowed

No more forward runs allowed

Program is in closed-loop mode

Program is in open-loop mode

Upper limit for page line count

Temporary value for KPOINL

Plus

Zero

= T9 point count is greater than or
equal to input value (after storage).

= T9 point count is less than input
value.

Negative = T9 point count is greater than or

equal to input value.
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Is (23) .as Current output frequency

IS (2L) . Current output count

Is (25) ces O = By-pass PF stage L critical time computations
1 = Compute PF stage L critical times

IS (26) Storage for IS (10)

Is (27) vee 0 = Normal outputs

1 = By-pass initial outputs on initial stage

Is (28) .ee 0 = By-pass zero aerodynamic computations
1l = Compute zero aerodynamic terms
Is (29) 0 = Search for time to start C and E

matrices comp.
1 = By-pass time search
IS (30) ces Current successful forward trajectories count
Is (31) e 0 = Stopping parameter test
1 = Reached stopping condition
IS (32) e O = Failed to meet terminal conditions
(Guidance trajectory)
1 = Terminal conditions have been met
(Guidance trajectory)
IS (33) -1 = C(Call ICS from MAIN

0 = Call ICS from INSTOP

1l = Do not call ICS
IS (3L) Storage (used in ICS)
IS (35) ces 0 = Compute inertial quantities only

1 = Compute interial quantities and

their derivatives
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IS
IS

IS

IS

IS
Is

IS

18

IS

IS

Is

IS

Is

is

Is

Is

(36) = IS (5)
(37) - 0 = Buffered output
1 = Non-buffered output
(38) . 0 = Call MISCON -- Compute only stopping parameter
= ., .o -~ Compute all constraints
(39) Lth PF burns
(Lo) (av)
(1) - -1l & r_ constraint has been violated on current
forward run
0 = rp constraint has not been violated
+1 = rp is being constrained to input value
(L2) 0 = Normal entry to ICS
1 = Entry to ICS to set up adjoint variable for
rp constraint
(L3) eee 0 = No & constraint over this time interval
= o constraint applied; zero DI(I), I = LkL,6L
(L) ve = Stage time less than critical time on last
successful run
1l = GStage time greater than critical time on last
successful run
(L) cee Change inpumber of integration steps during first
burn of Lth stage as compared to last successful run
(L6) tew Change in number of integration steps during second
burn of Lth stage as compared to last successful run
(L7) cee O = S matrix has not been adjusted if total time
constraint is being used
= S matrix has been adjusted
(L7 . e 0 = MEQ is called from an intermediate point in a
stage
1 = MEQ is called from the fimal point in a stage
(L8) 0 = Call MEQ from region 1 of TRAJ
1 = Don't call MEQ
(L9) cee 0 = KPOINL has not yet been computed
1 = KPOINL has been computed
(50) cee -1 = An adjustable coast has been eliminated because
it went to O
0 = An adjustable coast has not been eliminated
1 = An adjustable coast has gone to O
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ITAP(1) 0 = to output tape 2

1l = by-pass tape 2 outputs

ISTGE data block S

IT1 non-subscripted flag
IT2 n

IT3 "

ITh n

512




**NON-SUBSCRIPTED INTEGER (TAELE INDICES)

JTT1 .o Current Linear-Segment Index for Table TT1
JTT2 ees .o .o .. .o .o .. TT2
JTT3 oo .. .. .o .o .o .o TTI3
JTTL . .o .. e .e .. TTL
JTDL TDL
JTD2 TD2
JTD3 TD3
JTD5 TDS
JTLY TLl
JTL2 TL2
JTL3 TL3
JTLS TL5
JTKL TK1
JTK2 TK2
JTK3 TK3
JTKS TKS
JTTH TTH
JTET TET
JTICH TCH
JTMD ™MD
JTMS ™s
JMOS Blocks CT2, CT3, CTL and CTS
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dJe

JCl

KCEPOI

KFLAG

used as index locally

number of constraints

" " n

used as index locally

integration step at which adjustable parameters are computed

flag indicating use of adjustable parameter(s)
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KKn NON-SUBSCRIPTED INTEGER SIGNAL FLAGS

KX1 cee Current stage index
KK2 oo Current stage code
1 = Powered flight 1.
2 = .o .o 2.
3 = e .. 3.
L = . . k.
5 = Coast 1
6 = .2
7 = .o 3.
8 = L
9 = .. 5
KK3 e 1 = Initial Forward trajectory
2 = Intermediate . ..
3 = Intermediate .o .
L = Last .o ..
5 = (av)
6 = Backward trajectory
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KKk ces Current stage code

#

1 Powered flight stage 1.

2 = .o .o .o 2.

= .. .o -« 3.

3

L = First burn (PF stage L).
5 = Niddle burn(PF stage L).
6

= Last burn (PF stage L).

7 = Coast stage 1.
8 = . . 2.
9 = .. .o 3.
10 = .. . L.
11 = .. . 5.
KKS ces -1 = Backward trajectory
+1 = Forward trajectory
KK6 ces Number of stages in the trajectory
KK7 eeo Forward trajectory ... KK7 = KKé

Backward trajectory... KK7 =1

KK8 ces Current index for selecting aerodynamic constants
KK9 e Storage index computed during initial forward run
KK10 .o Number of Lth powered flight burns
KK11 e 3 = first Forward trajectory

2 = Intermediate .. .o

1l = Last . .o
KK12 cen (avV)
KK13 oo Non-subscripted integer form of IP (3) + 1.
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KK1L ces Current Lth powered flight burn

KK15 ces Increment of KK1i

KK16 ces -1l = Initial forward trajectory
0 = Optimization run

1 = Guidance run

KK17 cee Return code

KK18 vee Non-scripted integer form of IP (16) +1

KK19 cee Return code for assign go to statements

KK20 .o Last stage

KK21 coo A. Forward trajectory ... KK21 = past stage

B. Backward trajectory... KK21 = next stage
KK 22 . Storage for current K (X indicates the

current Kth adjustable parameter)

KK23 cee Number of remaining Lth powered flight

burns of the last successful forward

trajectory
KK2L cee Index for DTAU selection
KK25 KK25 = 5 - KK3
KK26 ... last coast stage
KK27 ... past stage on backward trajectory
KK28 ... adjustable parameter to be eliminated
KK29 ... KKL~7 at time of elimination of adjustable coast because

it went to zero

XK30 ... 0 Evaluate derivatives in DIQ

1 Evaluate forces only in DEQ

KK31
con Temporary use for rp constraint with adjustable burn
KK32
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KKONE

KPOINC

KPOINL

KPOINS

Ll

L2

L3

LAGE
LBD
LCE
LDEQ
LIFWAB

LINE

MBL
MB2
MB3
MCl
MC2
MC3
MCL

MF1

value of KK1 at beginning of backward trajectory

count of integrating points from beginning of
trajectory

integration point count to switch from closed to
open loop

number of integration points on last successful
forward run

used as index locally

limit on storage index for B and D matrices
" " " m. " CandE "
" " number of integration variables
" " storage in FWA and FWAB
current page output line count
used as index locally
upper index for storing in B matirix region
lower index for storing in B matrix region
increment in MBl and MB2 per integration step
upper index for storing in C matrix region
lower indexfor storing in C matrix region
increment in MCl and MC2 per storage point

number of points at which C and E Matrices are
stored

upper index for storing or picking up in FWB
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MF2 lower index for storing or picking up in FJ3

MF2 increment in MF1l and MFZ per integration step
ML1 upper index for storing.A.matrix

ML2 lower index for storing A matrix

ML3 increment in MLl and ML2

N used as index locally

NEB1 upper index for picking up from B matrix region
NB2 lower index for picking up from B matrix region
NB3 increment in NBl and NB2 per integration step
NC1 upper index for picking up from C matrix region
NC2 lower index for picking up from C matrix region
NC3 increment in NCl1 and NC2 per storage point
NC3S1 (~"C3) for particular stage

NCL murber of points at which adjustable parameters

are computed

NF1 upper index for storing or picking up in FWA
Nr2 lower index for storing or picking up in FWA
NF3 increment in NF1 and NF2 per integration sied
NL1 upper limit for picking up N ratrix

NiZ2 lower limit for picking up N matrix

NL3 increment in NL1 and NL2

NI tape number

CMEGA 2 Farth rotation rate

OMEGA 2 % OMEGA

OAEGAE longitude of ascending node

CMEGAQ (ovEGA)?
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P(1,J)

P
Phapr
PIA

PIM

PF

PG

PH

PI

PJ

PK

PLA

PLM

PO

PSII
PSII2
Ps (I,J)
PSX(IS
PSIETH
QBAR
QBARA
QCH

QD

QET

g K

QTH

matrix of derivatives of trajectory variables

local atmospheric pressure
size of final integration step for parts of Lth stage
stored values of PARDT(I)
partial derivative of drag/ALPHA
partial derivative of drag/IACH
partial derivatives of DV/dt
1) 1t " dg/dt
1 n " sz/dt
" n n dr/dt
n i n dx/dt
n ] " dt/dt
partial derivative of 1ift/ALPHA
" n 1 lift/MAQ‘I
sea level atmospheric pressure
azimath of VI
azimuth of VI at end of coast
value of P(I,J) on last successful forward run
2S /dXx (for circular park orbit)
flag in RKAD indicating (past) method integration
for previous point

dynamic pressure

ALPHA * QBAR

quotients (slopes of linear segments) in

tables using corresponding J's
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R2
RALPHA
RE

RO

R

RSTR

SCHI
SCHIQ
SDAl
SETA
SETAQ
SG1
SG2
SG3

SGL

SGAM
SGAMI
SGNET
SLAM
SPHI
SPSI

SPSII

radius at end of coast

orbit semi-m2 jor axis

radius of earth

local atmospheric density

radial distance to moon

orbit perigee radius

gas constant for air

S mtrix

sine of GHI

(saH1)?

sine of

(sETA)?

stage 1

sine
sine
sign
sine
sine
sine

sine

2

nm W

of

of

of

of

of

of

of

ETA

data (data block 39)

1 n

¥

GAMI

ETA

latitude

PHI (roll angle)
PSI (azimuth)

PSIT
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ST1 (1)
ST1 (2)
sT1 (3)
ST1 (L)
STL (5)

ST2 (1)

ST2 (2)
sT2 (3)
sT2 (L)
sT2 (5)
ST2 (6)
ST2 (7)
sT2 (8)
ST2 (9)
ST2 (15)
ST2 (16)

sT2 (17)
ST2 (18)
sT2 (19)
sT2 (20)

ST2 (21)

ST2 (22)
ST2 (23)
sT2 (2L)
sT2 (25)

.

ST1(n) CURRENT-STAGE DATA

FISP . Specific impulse (Vac.)

A ces Aerodynamic reference area
AE cos Nozzle exit area

MO cos Initial weight

MF . Final weight

ST2(n) PERMANENT STORAGE

ST2 (1) =+1 For forward trajectory

ST2 (1) =-1 For backward trajectory

To count the number of forward trajectories
Storage (used in instop)

Storage (used in instop)

Storage (past DT)

Storage (current DT)

Storage (past time)

(AV)

Lunar position data used in LUNEPH and MAIN

DWFUEL multiplicative factor

TIMEC (to transfer between subroutires)
(AV)
Final TIMCT - desired value (for toital time constraint )

TIMCT - TIMT at beginning of last coast on last success-
ful forward rmun (for total time constraint)

TIMCT - TIMT at beginning of last coast on current
run (for total time constraint)

DWPMAX
DA12(11)
DAl2(2)
DA12(L)
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ST3(n) STORAGE FROM TERMINAL CONSTRAINT COMPUTATIONS

ST3 (1) cee Achieved values of terminal constraint quantities
ST3 (6)

ST3 (7) .es (Available)

ST3 (10) cen (Available)

STL(n) STORAGE OF INPUT DATA

STh (1) cee = 9 (1)
STL (2) . = D9 (2)
STL (3) . = DA9 (3)
STL (L) ces = Da9 (L)
STL (5) . = DAL (9)
STL (6) . = DAY (10)
STL (7) T = DAl (11)
STL (8) ces = 8G1 (L)
STh (9) - =  SGl (5)
STh (10) e = SG2 (L)
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- sTh (11) cee =  8G2 (5)

STL (12) cer = sG3 (L)
STL (13) e = 8G3 (5)
STL (L) cee = sch (L)
STL (15) e = 5G4 (5)
STL (16) ces =  5G5 (L)
STL (17) e = SG5 (5)
STL (18) = P(1,1)
STL (19) ces (av)

STL (20) e (av)

ST5(n) STORAGE FOR ADJUSTAELE PARAMETERS

STS (1) cee DTAU Storage

ST5 (10)
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STAU sine of longitude

STGH stage integration intervals

SX saved values of X(n)

T thrust

TANAG tangent of the angle

TANN numerator of TANAG

TAU2 longitude at end of coast

TCH

D

TET

X tables identified by J's

TLN

TT

TTH

TG current time in space age date

TGO launch time " U n n

TG lunar arrival time in space age data

THETA thrust angle to horizontal

TIMCT time from launch including coasts

TIMCTS saved value of TIMCT

TIME time from beginning of present stage
exclusive of coasts

TIMEC time in integrsted coast

TIMEP CT1(10)

TIMT time from launch excluding coasts

TIMTS saved value of TIMT

™ time duration of closed-form lift-off

™ transfer time to the moon (hours)

TO initial thrust for lift-off calculation

5-25



v

Vo
TWOE
TZETA
TZETA2
VH

VI

Vi2

W

thrust at end of lift-off calculation
vacuum thrust

initial vacuum thrust

twice the total energy of orbit

time from perigee at beginning of coast
time from perigee at end of coast
hyperbolic excess velocity

inertial velocity

inertial velocity at end of coast
velocity at end of closed form lift-off
weight as measured at sea level

variable of integration as follows:
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X (1)
X (2)
X (3)
X (L)
X (5)
X (6)
X (7)
X (8)
X (9)
X (10)
X (11)
X (12)
X (13)
X (1)
X (15)
X (16)
X (17)
X (18)
X (19)
X (20)
X (21)
X (22)
X (23)
X (2L)
X (25)

TAU

PSI

LVl
1Gl
LRl
LM
Lv2
LG2
LR2
LM2
LV3
LG3
LR3
LM3
LvhL
LGL
LRY
LML
LP1

VARTABLES OF INTEGRATION

(Velocity)

(Flight path angle)
(Radius)

(Mass)

(Longitude)
(Azimuth)
(Latitude)

(Adjoint Variables)
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X (26)
x (27)
X (28)
X (29)
X (30)
X (31)
X (32)
X (33)
X (3k)
X (35)
X (36)
X (37)
X (38)
X (39)
X (ko)
X (L1)
X (L2)
X (L3)
X (Lk)
X (LS)
X (Lé)
X (L7)
X (L8)
X (L9)
X (50)

LP2
LL2
LP3
L3
LPL
LLL
Lvs
LGS
LRS
LMS
LPS
LL5
Lvé
1G6
LR6
1M6
LP6
LL6
EI1l
ET12
EI22
EI13
EI23
EI33
EI1L
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X (8) = EI2h
X (52) = EI3L
X (53) = EILk
X (sk) = ENS
X (s5) = EI25
X (56) = EI35
X (57) = EILS
X (58) = EI5S
X (59) = EIL6
X (60) = EI26
X (61) = EI36
X (62) = EIL6
X (63) = EI56
X (6L) = EI66

X (65) = (Available)

X (75) = (Available)

NOTE Dl(n) = Time Derivatives of X(n)
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XI temporary storage of X(n) in RKAD

Y termporary storage for local use

YY stored values of trajectory variables at beginning
of coast

ZFH (zeta)H

2EH (zeta)M

ZETA true anomaly of position

ZETA2 ZETA at end of coast

M Time from perigee to moon on parabolic trajectory
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PROGRAM OPERATION



DATA INPUT FORMAT

Data Blocks

Data required for PRESTO execution are grouped and input in data blocks vhich
are identified by number. Each block contains a common type of information
such as the case title or a stage thrust table, and utilizes a specified
FORTIAN Cormat for the entire data block. The contents of each data block
are discussed and then summarized on the next several pages.

Header Cards

Tnput data are punched on cards which are placed behind the program binary
deck. Cards for each data block are preceded and identified by a "header"
card. The format of the header cards is LI3, where the first field is the
data block number and the second and third fields give the {(inclusive)
locations within the data block that the subsequent data cards are to be
placed. Thus, if the user wished to change constants 2, 3 and L in

‘cata block 10, the header card would be punched 10 2 L

and the first three fields of the next card would cont@in the Three SoRstants.
Trne Iourth field of the header card is used to identify the vehicle stage
nuwiber for the data, where necessary. The stage designation should be
included only for the data blocks as specified on the following pages.

Card Sequencing

Cards within each data block must follow sequentislly, but data blocks
may be arranged in any order. A blank card must follow the last data card.

Successive Cases

Successive cases can be run on PRESTO with a minimum of additional data
input. OCnly the changes in data from the preceding case must be input.
A blark card must follow the data for each case.

999 Card

A card with 999 punched in the first three columns must end the data deck.
It 1s to be placed behind the blank card which ends the data for the final
case. VWhen the READ routine encounters the 999 card a nomal stop is
indicated to the machine operator, so that the job can be terminated.



DISCUSSION OF THE DATA BLOCKS

Data Blocks 1, 2, 3

lpha-numeric comment cards that are output at the top of each page. Data
block 1 is the first line; data blocks 2 and 3 appear on the second line.

Data Block L

Basic computation options as follows:

(1) Mission selection governs the form of the terminal constraints
and the suggested input stage sequencing.

(2) Select aily3D axes options (three-dimensional point mass motion).

(3) In-plane control variable for initial nominal trajectory can
be either eta (thrust angle to velocity vector) or theta (thrust angle to
horizontal), Yaw thrust angle, chi, can be read from table if non-zero.
The selected tables are read into data blocks 34, 35, 36.

(L) Eta and chi are both always optimized except when alpha is
contrained to zero.

(5) The closed-form lift-off computation should always be used when
the initial conditions correspond to ground lift-off. When selected, the
first few seconds of motion are computed with closed=-form expressions for
velocity, altitude and mass. Vertical flight, sea level gravity and atmospheric
pressure, and zero drag and lift forces are assumed. The time duration for
this phase of boost is input in data block 20 and should be chosen to produce
a velocity of approximately 200 feet/sec. The velocity, altitude and mass
from this computation then become the initial conditions for numerical
intgration of the differential equations of motion, along with the flight path
angle, azimuth, latitude and longitude from data block 21. (Zero altitude
and velocity should be input to data block 21) The purpose of this option
is- to avoid the low-velocity high-sensitivity region in numerical integra-
tion of azimuth and flight path angle.

(6) Vacuum thrust as a function of time from stage ignition is
interpolated from input tables in data block 30 for each powered stage. Net
thrust is computed as T =-T, ~ p.A, where p is the local ambient pressure
and Ae is the engine nozzle exit area input to data block 39.

(7) Mass is computed within each stage as a function of time from the
integration of dm/dt = Ty/goIspv. Thus, the vacuum specific impulse for
each stage must be input in data block 39.

(8) Unnecessary aerodynamic force computations can be eliminated
with this option to help speed the computation.

(9) A possible means of speed improvement in the future may be
multiple usage of each integration of the adjoint equations. At present,
these equations are solved after every successful forward trajectory.



(10) No special computations or print-out currently available.
Interpolation to condition of maximum dynamic pressure is a possible future
addition.

(11) Constraints on the control variables can be (a) on the product
of dynamic pressure and total angle of attack or (b) constrain angle of
attack to zero. The QBAR # ALPHA constraint is imposed as an inequality
consiraint. The theory and program mechanization for these constraints
are discussed in Section 10. Further input data for use of these options is re-
quired in data block 22, including the time to release the canstraint. This
vime should be input as a fraction of an integration step less than the actual
desired time, due to the ldiosyncrasies of the coding.

(12) Constraints on state variables during boost are concerned with
neintaining the trajectory altitude above a specified minimum during upper-
stage operation. Two techniques are available; both place inequality con-
sivraints on the altitude of coast stages. The more preferred of the two
forces the trajectory to include a circular park orbit of some specified
minimum altitude between two of the burns in stage L. Use of this option
is recommended for missions 2 and 5, and for mission 1 when boosting
throurh a park orbit into transfer up to a higher terminal orbit. The
second type of constraint available forces the perigee altitude of a
(non-circular) coast above a specified value. Further description of these
options, including the theory, mechanization and data input required, is
given in Section 10.

{13) It is possible to constrain the total time from launch to final
surnouv on any mission for any configuration and stage sequence that includes
a coast. The various aspects of this constraint are discussed in Section 10.

(1) Payload maximizaion can be conducted under either of two
ground rules. In the first, final burmout weight is maximized while main-
taining a fixed launch gross weight. Thus, the process is one of minimizing
the final stage propellant consumption. In the second approach, the final
stage propellant consumption is maintained at the input magnitude and the
payload improvement is added to the launch gross weight. Thus, when using.
the fixed final stage option, the input initial and final weights of the
‘inal stage must accurately reflect the intended propellant consumption.
or the fixed launch gross weight option, the stage bumout weights are not
eguired. Further discussion of the fixed final stage option should be
consulted as it appears in Section 10.

k

vomy e

(15) For convenience, primarily in checkout, the floating-point
numoers in common have been grouped and can be dumped in the floating-point
format when requesting a dump at the end of the job.

{16) The version of this program delivered to Langley Research Center
utilizes 2 non-buffered (FORTRAN II) output routine. A FAP-coded high
speed output routine, using buffering of output, will be available for
FOATRAN IT usage in the near future.

(17) Selection of this option provides a three-page output of all the

input data for each case. The data are identified by data block number
and a few descriptive words.
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Data Block &

Specified sequence of stages, identified by number. Powered flight stages

1, 2, 3 have provision for aerodynamic characteristics. Powered flight stage L
is to be used out of the atmosphere only. Stage L (only) can be split into
one, two or three buring periods. Coast stage 5 is to be used when coasting

in the atmosphere because the coast trajectory is computed using numerical
integration. Aerodynamic characteristics are provided for this stage. Coast
stages 6, 7, B, 9 are computed with closed-form orbit equations and are,
therefore, 1o be used only out of the atmosphere. Stage 8 is to be used only
for the circular park orbit option (see Section 10), and stage 9 is to be used
only for the coast perigee constraint (see Sectionl0).

The stage sequence must start with either stage 1 or stage L. The closed~

form lift-off computation and adjustable parameters 8, 9, 10 can be used only
when the first stage is stage 1. Powered stages must appear only in

increasing order; coast stages can appear in any order, with the one qualifica-
tion that stage 8 must appear between two burns in stage L.

For missions involving orbital initial conditions, where optimizatiocn of the
ignition time for departure from orbit is to be accomplished, the following
stage sequence should be used. Start with stage 1 for two integration

steps, specifying zero thrust and initial conditions representing the desired
initial orbit. Follow this with closed-form coast stage 6 as an adjustable
parameter and end with the legitima te powered stage. Optimization of stage
6 duration is the optimization of the departure point.

Datz Block &

Specification of the adjustable parameter code numbers is based solely on the
adjacent powered stage number. For each adjustable parameter selected a weight-
ing constant must be input in data block 27. If optimizing the length of a
coast which is expected to go to zero, specify a non-zero nominal coast

angle; the program will eliminate the coast as an adjustable parameter if it

is driven to zero. '

Data Block 8
Z2xe boeL ©

Specificstion of terminal constraint parameters. The nature of input to this
ta block is strongly dependent on the specified mission. For the Earth orbit
ission a choice in stopping parameters is available Nommally, the inertial
velocity would be selected for convenience. However, in cases where inertial
velocity does not vary monotonically near cutoff (usually due to transfer-
orbit coasts), the total energy (2E = V12 - Q}L/IO should be used. The

other terminal constraints are then listed in any order, with the one excep~-
tion of altitude (or radius). There are indications that the matrix inver-
sion routine retains higher accuracy if the altitude constraint (if selected

at all) appears first in the list, The maximum allowable number of con-
strsints for the program is six. Thus, if using the circular park orbit

ption {which imposes two constraints) a maximun of Four constraints (including
mass) can be specified in this data block.

Tor the lunar transfer missions, the transfer time to lunar radial distance
constitutes the stopping parameter, and the right ascension and declination
¢l venhicle position at the lunar distance are the nominal constiraint parameters.
Transfer -orbit inclination is an optional additional constraint. “hen this
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mission is specified, the lunar ephemeris routine provides the target
right ascensicn and declination.

For the lunar descent mission, the input is identical with the orkit injeciion
mission except that the lccal velocity should always he nsed for the slopping
parameter.

The stopping parameter wsed for the planctary transfer miszions is the magni-
tude ol the hyperholic excess velocity vector, vhich is equivalent to the
square root of ZE. The right ascension and declination direction angles of
this vector are the two constraint parameters. The user has the option of
inputtinz ihe desired values of these three numbers in data block 19 or of
simply specifying the target planet and the trip time. In the latter case

the PLANFP subroutine automatically computes the required departure hyperbolic
excess velocity vector. In both cases the launch date is a required input

in data block 20. :

Da‘*a Rlock 9

Trequency of output points. There is generally no need to output every com-
puted point. Tn fact, from an economy standpoint, there is every need to
minimize the output, since that operation is relatively slow under the
FORTRAN IT monitor. Output of nearly every computed point is often
desirable on the final (optimum) trajectory, but can be almost entirely
elilminsted on the previous iterations. The user also has the ability to
vary the output frequency between stages if, for example, a more frequent
output is desired during the atmospheric phase of boost than is required
for the upper stages. Regardless of the output frequency, the initial and
final points of each stage are always output. There is no output of the
trajectory variables on the backward runs.

Data Block 10

Nominal constants. Of particular note is the quantity HAERO, the altitude
avove which all aerodynamic computations are by-passed regardless of the
aerodynamics option selected. This logic is in the interest of computation
speed. The nominal altitude of 250,000 feet, for this thoff, generally
corresponds to a dynamic pressure of less than 1.0 1b/ft“. All the con-
stants in this data block are a part of the program binary deck and must

be input as data only if a change is desired.

Data Blocks 11, 12, 13, 1h

Consteaats for ATMOSphere subroutine. The 1959 ARDC model constitutes the
nominal atmosphere as described in detail in Section 9. The various con-
stants used in each exponential segment can be changed here with data input.

Tats Block 15

Closed-form coast subroutine constants. As described in Section 8, discontinui-
ties in the adjoint variables across coast stages are evaluated numerically using
perturbations in the trajectory variables. The magnitudes of these perturba-
tions can be controlled by data input, but there should now be no reason to

input changes from the nominal.
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Data Plock 16

Control of stage times and number of integration steps. In order to gain
maximum speed in integration, a constant time increment is used in each stage.
The user specifies this integration frequency by inputting the stage duration
ard the number of integration steps desired for the stage. This information
must be input for stages 1 through 5 if they have been specified in the stage
sequence. The total number of integration steps must not exceed 150. Since
all stages are nominally terminated on input stage time, special consideration
must be given the final stage. 1In order to ensure that each forward tra-
Jectory ends when the desired value of the stopping parameter is reached, an
artificially long burn duration must be input for the final stage. As a

rough guide, extend the allowable burn sufficiently to provide a ten percent
velocity margin. Specification of multiple burn in stage L requires the

total stage duration, total number of points and the burnout time of each

burn period expressed in burning time from ignition of the first burn.

Data Block 17

Various input data. The first five words of this data block must always be
input. Words 3 through 15 contribute to an automatic computation of the
initial mass improvement to be attempted. This computation is described

in detail in Section 8. Word 16 is a limit on the adjustment in coast time
in stage 5 on any one iteration and must be input if this stage is used as
an adjustable parameter. This number should not exceed 100 seconds.

Data Block 19

Desired magnitudes of the teminal constraint parameters that were specified
in data block 8. Note that since the list of constraints can appear in any
order, the magnitudes must be in pure units; hence, all angles in radians.

Data Block 20

The second word in this data block is the launch date, expressed in decimal
fractions of days since January 0.0, 1960. Ixpressed another way, it is the
Julian date minus 2,L36,$34.5 days. It must be input whenever the terminal
constraints involve an inertial longitude reference.

Date Block 21

Initial conditions on the trajectory variables are input in the rotating
frame. This is convenient for boost problems; but for starting from orbit,
one must generally be reminded that the velocity (e.g.) is not inertially
referenced. Altitude is in feet above the planet surface, longitude in
degrees % from the prime meridian, latitude in degrees % fram the equator,
azimuth in degrees east of north, flight path angle in degrees up from hori-
zontal.

Dava Block 22

Magnitudes for control variable constraints. Time to initiate and to release
cor.straints should be input a fraction of an integration step before the
actual desired time. These times are measured in seconds from launch,
exclusive of coasts.
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Data Block 23

Minimum allowable altitude for coast perigee constraint and circular park
rbit constraint.

Data Block 24

Nominal range angles for closed-form coast stages. The independent variable
used in orbit equations to describe the coast duration is the increment

in true anomaly, or the central angle. This should be input as a non-zero
angle for an adjustable coast. '

Data Block 27

Weighting constants for optimization parameters. For numerical reasons, it
is necessary to use non-unity weighting constants for some of the adjustable
parameters. The recommended weighting constant for all closed-form coast
stages is 1.0, for the integrated coast stage 5 use 10'5, for adjustable
burns use 10-5 (sometimes 10-L is necessary), for the adjustable launch

time of day use 10~9, for the initial azimuth and flight path angle, use

2.0 and 1.0, respectively. Use 1.0 for the control variable chi. Smaller
nurvers will produce larger adjustments on any one iteration. The weighting
constants must be input for all specified adjustable parameters and chi.

Dava Block 28

Convergence data., The first word is the initial weight improvement (in
pounds) to be used if the automatic computation of this number fails. Five
percent of the expected burnout weight would be a reasonable number. The
second word is the '"epsilon weight" or allowable proximity to optimum for
ceasing the optimization. When the attempted weight improvement becames less
than this number, the final guidance runs are made. Due to the halving
process that is used and the usual non-linearities that are encountered, the
user should input a number that is no bigger than one-third of the actual
Gesired condition. For the third word, twenty iterations are generally

more than sufficient. Fourth, the velocity below which the integration
package is forced to stay in Runge-Kutta, should be no less than 1000 ft/sec.
Further, if the vacuum thrust is time-variant within a stage, the Runge-Kutta
mode should be used via this mechanism. The fifth word in this data block
represents the specified point along the trajectory at which the switch
tetween closed-loop and open-loop guidance is made. This is input as a
velocity. Generally, the closed-loop computation is most effective when this
velocity 1s approximately two thirds of the terminal velocity. However, if
there 1s a coast stage of more than 100 seconds the open-loop computation
snould start before that coast.

Dates Block 29

Allowable deviations in terminal and park orbit constraint parameters. Since
cach forward run is judged successful or not partially on the basis of satis-
lying the terminal constraints, an acceptable "dead band" must be specified for
each constraint parameter. This "dead band"is important primarily in the
intermmediate iterations and hardly affects the constraints miss on the

final (optimized) trajectory. If too tight limits are imposed, the mass
improvement will proceed with unnecessarily small steps. If the limits are
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too loose, some iterations will unwisely be judged "successful." Recommended
limits are 10,000 feet on distances and one degree on angles.

Data Block 30

Vacuum tarust tables are input as functions of stage time for each powered
stage specified.

Data Block 31, 32, 33

Aerodynamic force coefficients are input as functions of Mach number for
stages 1, 2, 3, % {not L) if specified. The zero-lift drag coefficient is
iuput unlesg options for zero aerodynamics are selected. The 1lift coefficient
used is a ® ‘-/goc versus Mach number. The drag rise due to angle of attack
is & c5C17/Aq<l versus Mach number. The latter two tables must be input
only if the cption for aerodynamic 1ift is selected.

Data Blocks 24, 35, 36

Nominal pitch programs on theta, eta and chi. The use of these tables depends
entirely on opuion 2.

Data Block 29

Stzge data for stages 1 through 5 must be input for each stage specified in the
stage sequence.



DATA INPUT

DATA BLOCHK NUMBER TITLE FORMAT CCMMENTS
1 Main Heading 1246
2 Case Heading 1246
3 Date 2A6
i Options 2411 IP(n) - - See list of available
options
S Stage Sequence 1271 ISTGE(n)

Powered Flight Stages 1 through 4

Atmospheric Coast Stage S

Closed-form Coast Stages 6 through 9
# End Sequence with Zero

é Adjustable 1113 IB1(n)
Parameters IB1(1l)=The number of adjustable
parameters to be optimized
IB1(2)=The adjustable parameter
. codes in non-decreasing
IB1(11)order

%3 Adjustable Parameter Codes %

1 Length of Coast After Middle Burn in Stage L
2 Length of Middle Burn in Stage L
3 Length of Coast After First Burn in Stage L
L Length of First Burn in Stage L
5 Length of Coast After Stage 3
6 Length of Coast After Stage 2
7 Length of Coast After Stage 1
8 Launch Time of Day
9 1Initial Azimuth
10 Initial Flight Path Angle
8 Terminal Constraints 713 IB3(n) - = Mission-Dependent
IB3(1) = Stopping Parameter Code
IB3(2) = Form or Number of
Terminal Constraints
IB3(3) = List of Constraint Codes
. for Orbit-injection and
IB3(7) Lunar Descent Missions
3¢ Stopping Parameter Codes %
A. Orbit-Injection Mission
1 TWOE (VI2 - 2 p/R)
2 Available
3 Available
L Inertial Veloecity (V)
S Available
6 Velocity
Be. Lunar Transfer Mission
1 TransferTime to Lunar Radial Distance
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DATA INPUT

s Stopping Parameter Codes
Ce Lunar Descent Mission

Use only Code 6 (Velocity)

De Planetary Transfer Mission
1 Hyperbolic Excess Velocity (VH)

+#% Form or Number of Terminal Constraints %
Ae Orbit-Injection Mission
and
Ce ILunar Descent Mission
The Number of Terminal Constraints (1 through 6)
% Include the Terminal Mass Constraint in this Count

Be Lunar Transfer Mission

1 Use Ephemeris, Do Not Constrain Inclination of Transfer Crbit
2 Use Ephemeris, Do Constrain Inclination

De Planetary Transfer Mission

1 Do Not Use Ephemeris (Input VH Vector)
2 Mars

3 Venus

3t Constraint Codes For Orbit-Injection and Lunar Descent Missions s

1 Perigee Radius

2  Orbit Inclination

3 Longitude of Ascending Node

é Argument of Periges

6 Altitude

7 Inertial Flight Path Angle

8 Longitude

9  Inertial Azimuth
10 Latitude

11 Available

12 Available
13 Available
i  Radius
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DATA BLGCK NUMBER

DATA INPUT

TITLE FORMAT

9

10

Output Frequency 24I3

Nominal Constants 11E12.8
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COMMENTS

IBL(n)
Frequency Defined As:
_(number of computed points)

(number of output points)
IB4(1) ~ Initia) Trajectory

IBL4(2) - Intermediate
IBU(3) = Final

IBL(L) - Stage Code

IB4(5) - Initial Trajectory
IBL(6) - Intermediate
IBL(7) - Final

IB4(8) - Stage Code

IBL(9) - Initial Trajectory

IB4(10) - Intermediate
IBL(11) = Final

IBL(12) - Stage Code
IBL(13) - Initial Trajectory
IBL(1Y4) = Intermediate
IBL4(15) = Final

IBL(16) - Stage Code
IBL4(17) - Initial Trajectory
IB4(18) - Intermediate
IBL(19) - Final

IBL(20) - Stage Code

CT1(n)
Nominal Values Shown
Imput only if changes are desired

CT1(1) = 7.29211E-5 RadéSec Cmega

CT1(2) = 1.LO7735E16 Ft3/Sec?® FMU
CT1(3) = 20902900, Ft RE

CT1(L) = 1716.4827 Gas constant for
atmospheare subroutine

CT1(5) = 32.15L856 Ft/Sec?® measured
sea level gravity; weight-to-
mass conversion factor (GO)

CTL(6) = 2116.2 1b/Ft2 PO

sea level ambient pressure

CT1(7) = 250,000, Ft  HAERO
Altitude above which all
aerodynamic computations
are by-passed

CT1(8) =L6. Upper limit of lines

per page

CT1(9) = (Available)

CT1(10) =02 sec TIMEP
Time-epsilon increment to
insure hitting critical time




DATA INPUT

DATA BLCCK NUMBER TITLE FORMAT
11 Atmosphere 8E12.8
12 Subroutine 8E12.8
i3 Constants 8E12.8
L " 8E12.8
1c Nominal Constants 8E12.8
for COAST Sub-
routine

16 Time Duration 12E12,8
and Number of
Integration Steps
Within Each Stage

7 Input Data 20E12,3
Used in Calcu~
lation for Initial

Mass Improvement
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COMMENTS

CT2(n) Nominal values tabulated
CT3(n) 1in report section

CTU(n) describing atmosphere
Ccrs(n) subroutine

Input only if changes from
nominal values are desired

CT6(n) #* Input only for Change.
Used in forming partial derivatives
across closed=form coastse

CT6(1) = 1.0 vVelocity Increment
CT6(2) = .00l Gamma Increment
CT6(3) = 100. Radius Increment
CT6(L) =.001 Tau Increment

CT6(5) = .1  Mass Increment

Cré6(6) =.001 Psi Ircrement

CT6(7) =.001 rLambda Increment
CT6(8) =.001 Coast angle Increment
DAl(n)

Time in seconds

DA1(1l) Stage 1 Time Duration
DAX(2) Stage 1 Points

DAL(3) Stage 2 Time

DAL(L) Stage 2 Points

DAL(5) Stage 3 Time

DA1(6) Stage 3 Points

DAL(7) sStage L Total Time Luration
DA1(8) Stage L Total Points

DAL(9) Stage L First Burnout Time
DA1(10) stage L Second Burnout Time
DAL(11) Stage 5 Tims Duration(nominal)
DAL(12) Stage S Points

DA2(n)

DA2(1) Input should = GO

DA2(2) = +1.0 for Take-off
= ~1,0 for Retro-burns

DA2(3) Total Expected Burn Time (TI:T)

DA2(Ly) Nominal delta eta =

DA2(5) Nominal delta chi *
% Suggest .05 {(radiaus)

DA2(6) Nominal delta tau l. through

E delta tau 10,

DA2(15)

DA2(16) Delta tau limit periteration on
Coast Stage ?

DA2(17) M%gnlt:de for Total Time Con-
stra

Da2(18) Mirimmm Coast Angle for
Closed-Form Coast Stages



DATA BLOCK NUMBER TITLE

DATA INPUT

19
A.
and ¢°
B.
D.
20
21
22

FORMAT
Terminal 6E12.8
Constraint
Magnitudes

As Described Above

Lunar Transfer Mission
DAL(1) Transfer Tims (hours)

gﬁtg%g Used Internally

COMMENTS

DAl(n) Mission=-Dependent

DAL(1) is the magnitude of the
stopping parameter
DAL(2) are the desired valucs of the
. terminal constraints, listed
DAh(é) in the same order as in
Data Block Number 8

# Units are feet, radians, seconds
%% Terminal Constraints Input Gulde %

Orbit-Injection and Lunar Descent Missions

DaL(L) Inclination of Transfer Orbit (radians)

Planetary Transfer Mission

DALk(1l) Hyperbolic Excess Velocity

DAL(2) Right Ascension of Hyperbolic Asymptote (radians)

DAL(3) Declination of Hyperbolic Asymptote (radians)

DAL(6) Transfer Time (days) (DAL(L) and DAL(S) are used internally)
% DAlL(1,2,3) are not required input if PLANEP routine is called

Initial Times 2E12.38

Initial Conditions 6E12.8

Control Variable 6E12.8
Constraints
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DAS(n)

DAS(1) Time Duration for Closed-form
Lift-off Calculation (sec.)

DA5(2) Launch Time in Space Age Date
{days from January 0.0, 1950)

DA6(n)

DA6(1) Altitude (feet)

DA6(2) Longitude (degrees % from
Prime meridian)

DA6(3) Latitude (degrees)

DA6(L) Velocity (feet/second)

TA6(5) Azimuth (degrees)

Da6(6) Flight path angle (degrees)

DA7(n)

DAT(1) QBAR*ALPHA Magnitude

(1b/£t2)*(radians)
DA7(2) Time to Start Testing

DA7(3) Time to Release Constraint
'For &= O Constraint

DA7(5) Time to Start Testing
DAT(6) Time to Release_fonstraint



DATA BLOCK NUMBER

DATA INPUT

23

2l

27

28

29

30

31

TITIE FORMAT
Constraints on LE12.8
State Variables
During Boost
Nominal Range LE12.8

Angles for Closed=
Form Coast Stages

Weighting Constants 11E12,8
For Optimization
Parameters

Convergence Data 6E12.8

Permitted Values 5E12.3

of Terminal Constraint
and coast perigee constiraint
deviations

Vacuum Thrust 12E12.8
Tables
Drag Coefficient 22E12,3

Tables (ALPHA = ©.)
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DA8(n)
DAS(1)
DAB(2)
DA8(3)
DA8(L)
DA9(n)
DA9(1)
DAS(2)

DA9(3)
DA9(L)

DA12(n)
DA%2(1)

DA12(10)
DA1I2(11)

DAY3(n)
DAT3(1)

DA13(2)
DA13(3)
DAL3(L)

DA13(5)

DALL(1)
ali(5)

* Suggest

COMMENTS

Available
Available
Minimum Altitude for Coast

Stages 8 and 9 (feet)
Available

Angles In radians of Central
Arc

Coast Stage 6

Coast Stage 7

Coast Stage 8

Coast Stage 9

For AdJustable parameters
identified by code nunber
as listed far DATA Block 6

For Control Variable Chi

Initial Weight Irprovement
to be used if (automabic}
internal computation fails
Epsilon-weight for stopping
attempted mass improvement
Maximum Number of Forward
Trajectories per case
Velocity below which Runge
Kutta integration is always
used.

Velccity to start open-lcop
canputations.,

List in sames order as
constraints are specified
and in the seme units

10,000 feet for distances

and 1 degree on angles

TT1,TT2,TT3,TTL
% Stage Code Required on Header Cards
Sequence: Blank, time, thrusti, time,

TD1,TD2,

thrusteececsees L.OEIO
TD3,TDS

# Stage Code Required on Header Cards
Sequence: Blank, Mach, 08, Mach, Cp,

Macheees el OEL



p

DATA BLCCK NUMBER

DATA INPUT

TITLE FORMAT

32

33

39

% NOTE:

1ift Coefficient 22E12.8
per ALPHA
Tables

K-Drag Tables 22r12.8

(Drag Due to
Non-Zero ALPHA)

Theta History
for Nominal
Trajectory

32E12.8

Eta History for 32E12.8
Nominal Trajectory

Chi History for 32 El2.8
Nominal Trajectory

Stage Data 5E12.98

table must be re-imnput.
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COMMENTS

T11,T12,TL3,TIS

# Stage Code Required on Header Cards

Same Sequence: Mach vs. CL°¢
Units: CL per radian

TK1,TK2,TK3,TKS
Stage Code Required on Header Cards
Same Sequence: Mach vs. KD 2

; 4

Units: KD per radian2

TTH
Same Sequence:s Theta vs. time

Units: degrees, time from launch
exclusive of coasts

TET
Same Sequence: Eta vs. time

Units: degrees, time from launch
exclusive of coasts

TCH
Same Sequence: Chi vs. time

Units: degrees, time from launch
exclusive of coasts

SG1,5G2,5G3,5GL,3G5 each dimensioned 5
Stage Code Required on Header Cards

s6x(1) Vacuum I (sec)
SGxEZ) Aerodynamgc Reference Area ftz)
sGx(3) Total Nozzle Exit Area (ft°)
SGx(L4) Initial Weight (1b)

SGx(5) Final Weight (1b)

When Inmputting Changes to Theta, Eta, or Chi tables the entire




DATA INPUT

#% LIST OF AVAILABIE OPTIONS FOR DATA BLOCK NUMBER L

IP(1) Mission 1 Orbit-Injection
2 Inject into Imnar Transfer from Earth Lift-off
3 Inject into Lunar Transfer from Earth Orbit
L Iunar Landing
5 Inject into Planetary Transfer from Rarth Lift-oif
6 1Inject into Planetary Transfer from Earth Orbit
IP(2) Axes 0 Rotating and 3D
1 Rotating and 2D
2 Non-rotating and 3D
3 Non-rotating and 2D
IP(3) Control Variables 0 Theta from Input Table and Chi = O,
For Nominal 1 Theta and Chi from Input Tables
Trajectory 2 Eta from Input Table and Chi = Q.
3 Eta and Chi from Input Tables
IP(L) Control Variables O Eta only
to be Optimized 1 Eta and Chi
2 Chi only
I2(5) Closed=Form 0 Use this Computation
Lift-off Compu= 1 Do not use this Computation
tation
IP(6) Thrust 0 Table lLookeup - ~ Vacuum Thrust vs. time
IP{7) Mass Computation O MDOT -JrV/ 6o L sp)
IP(8) Aerodynamics 0 ILift = 0, only
1l Drag = 0. only
2 lift=Drag= O,
3 Include Lift and Drag
Ir{9) Fequency of New 1 After every successful forward trajectory
Adjoint Solution
IP(10) Special Computat- 0 None
tions and Print-
out
IP(11) Constraints on 0 None
Control Variables 1 QBAR*ALPHA
2 ALPHA = 0.0
IP(12) Constraints on 0 None
State Varisbles
During Boost
0 Do not constrain total time
IP(13) Total Time Contraint 1 Do constrain atotal time
IP(1) Mass-Improvement O Fixed launch weight
Procedure 1 Fixed Final Stage

6-16



IP(15)

IP(16)

1P(17)

DATA INPUT

%% LIST OF AVAILABLE OPTIONS st

Memory Dump

Output

Cutput of
Input Data

O

= O

Do not dump memory
Dump memory at end of job (includes floating-
point dump of floating-point numbers in common)

Buffered Cutput
Non-Buffered Output

Do not output data
Output data
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OUTPUT FORMAT

The output of PRESTO consists primarily of the tabulated history of the
trajectory variables for each forward iteration. There is also an output
of all data which has been input (selected by option 17), output from the
lunar and planetary ephemeris spbroutines if they are used, output of the
corrections to be made in the terminal constraints on each iteration, and
output of several mass improvement parameters. A definition of all
output quantities follows.

Column Headings for Trajectory Listings

TIME Total time from launch
VEFL Velocity in rotating frame
GAMMA Vertical-plane path angle of VEL from horizontal
PSI Azimuth of VEL, degrees east of north
ALTITUDE Distance above planet surface
LAM Latitude, degrees north of equator
TAU Longitude in rotating frame, degrees east of prime meridian
QBAR Dynamic pressure
THRIST Net thrust
WEIGHT Sea level weight
THFTA Thrust angle to horizontal
CHI Yaw thrust angle of attack
BTA Vertical plane thrust angle of attack
DCHI Change in CHI from current nominal trajectory
DETA Change in ETA from current nominal trajectory
VI Velocity in inertial frame
CGAMT Jertical-plane path angle of VI
PSIT Azimuth of VI
MACH Mach number, VFL/local speed of sound
ALPHA Total angle between THRUST and VEL
DRAG Total aerodynamic drag
LIFT Aerodynamic 1ift
LPHA Product of QBAR and ALPIIA
SIBAR Azimuth of st vector
Output for Closed~Form Coast Stages
TWOE 28 = Vi° - 2 /r
EH Angular momentum, VI-r.cos XI
RP Perigee radius
EYF Inclination, radians
BETAC Central angle of coast, radians

Output of Terminal Conditions Orbit Flements

TWOE

EH Same as Closed-Form Coast

RP

ZYE Inclination, degrees

BETAP Argunent of perigee, degrees

OMEGAE Longitude of ascending node, degrees
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Output at Start of Each Iteration

Terminal Constraint Corrections These quantities, called dwg in the

equations, are the negative of the errors in terminal constraints
on the current nominal. Units are feet and radians.

DWFINAL Improvement in final weight attempted on each iteration
DWFUEL See discussion of Fixed Final Stage Option

DWPAYIOAD in Section 10

TMASD Initial weight improvement attempt

LAUNCH TIME Space Age Date at start of trajectory

§pec}a} thpgt foy Lupa? Transfer Missions

(a) Output of lunar position at nominal arrival time and one-half day later.
This is initial output for case, computed from lunar ephemeris subroutine.

ATPHA Right ascension of lunar position, degrees
DELTA Declination of lunar position, degrees
DISTANCE Radial distance from Earth center to Moon center at nominal

arrival time

(b) Terminal Conditions

™ Transfer time to Moon, hours

ATLFAM Computed vehicle right ascension at Moon
DELTAM Computed vehicle declination at Moon
EYE Inclination of transfer orbit

{c) Upcated time of arrival and corresponding lunar position are computed
after esch iteratvion, taking into account the adjusted launch time, coast
durations, etc.

Special Output for Planetary Transfer Missions

(a) 1Initial output of required hyperbolic excess velocity vector magnituce,
and right ascension and declination angles computed from PLANEP subroutine.

(b) Temminal Conditions

XEFAP Departure hyperbolic asymptote computed from terminal

DELTAP trajectory variables
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TROUBLE SHOOTING

I.isted in this section are a few of the more common difficulties which can

be encountered in the use of PRESTO, Most of the troubles result from omitted
or wrong data input. The remainder of cases involve the timing of the switch
from closed-loop to open~loop computation. This point will be referrred to

as T9. The symptoms are listed along with the probable cause.

No print out of final line of output giving orbit elements at
end of each forward trajectory.

Reason: Insufficient burn time allowed in final stage.

. Failure to converge properly in guidance iterations.
Reason: (1) Erroneous specification of terminal constraints.

(2) Placement of T9 after an extended coast.
Runs only guidance trajectories without starting optimization.
Reason: Failure to input allowable deviations in Data Block 29.
Failure to meet terminal constraints well while optimizing.
Reason: T9 is too early in the trajectory.
DETA saturating at end of trajectory (printing out ¥15.01 degrees).
Reason: T9 is too late in the trajectory.
. Zero increment computed for adqutable parameters.
Reason: Weighting constants have not been input.
Unduly large increment computed for adjustable parameter.
Reason: Weighting constant is too =mall.
Zero increment computed for adjustable coast stage 5.
Reason: Failure to input DA2 (16) in data block 17.
Zero DCHI on any rotating-Earth or out-of-plane boost.

Reason: Weighting constant for CHI has not been input to data
block 27.
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LIST OF SYMBOLS

Aerodynamic reference area

+1 for takeoffs and =1 for retroburns
Rocket nozzle exit area

Local speed of sound

Aerodynamic drag coefficient
Aerodynamic 1ift coefficient
Aerodynamic drag force

Total energy of orbit (or coast)
dv/dt

a¥'/dt

Local acceleration due to gravity

Sea level g

dlp/dt

Angular momentum of orbit

Altitude above planet surface

dr/dt

Inclination of orbit plane to equator
d A /dt

dT/dt

Aerodynamic 1lift force

Mach number

Mass of vehicle

Local atmospheric pressure

Radial distance from planet center to vehicle
Perigee radius of orbit

Semi~-major axis of orbit

Lunar radial distance from Earth-center
Net thrust force

Space Age Date = Julian date - 2,436,93L4.5
Time from pericenter of orbit

Thrust measured in a vacuum

Velocity in rotating frame

Velocity in ipertial frame



x Angle-of-Attack

K Right ascension
OLeH Right ascension of the hyperbolic asymptote
< ey Right ascension of the vehicle at the Moon's radius
In-plane range angle from the ascending node
@c Range angle of coast
@ H Angle between ascending node and hyperbolic asymptote
@M In-plane range angle at the Koon's radius from the ascending node

p Argument of perigee
& Angle between V and local horizontal (flight path angle)
Angle between V. and local horizontal (inertial flight path angle)
Declination
Declination of the hyperbolic asymptote
Declination of the vehicle at the Moon's radius

True anomaly

I

39:8.0 ]

Limiting value of true anomaly of hyperbola

=

Cf ag e 010N 00 X

=

True anomaly at Moon's radius

Angle between thrust vector and ;x - Iy plane (see page 7-2)
Angle between thrust vector and local horizontal

Latitude

Gravity constant

Inertial longitude angle from ascending node

SR oo

o]

Inertial longitude of hyperbolic asymptote
Inertial longitude of the vehicle at the Moon's radius

S8

Atmospheric density

Longitude with respect to the rotating Earth

Angle between 1ift vector and Iz axis (see page 7-2)

Angle between i_ axis and the projection of the thrust vector
on the ;x - Ey plane (see page 7=2)

Angle between North and the horizontal component of V (azimuth)
Angle between North and the horizontal component of VI (inertial
azimuth)

Earth rotation rate

Longitude of ascending node
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TERMINAL CONSTRAINT EQUATICNS

The nature of the trajectory optimization process in PRESTO is virtually
the same over all the space missions available. The differences lie only
in the form of the terminal constraints imposed on the trajectory. For
the Earth-orbit mission terminal constraints can be imposed on the
trajectory variables explicitly, or they can be specified in terms of
conventional orbit elements which are functions of the trajectory variables.
For the lunar and planetary transfer missions the terminal constraints have
been formulated as parameters which are functions of Earth orbit elements.
Thus, multiple use of the coding is made possible and the form of the
constraints is conceptually similar among the three types of mission.

The various constraint parameters are discussed, by mission, and defined

in equation form in this section. In addition, the partial derivatives

of the constraint parameters with respect to the inertial trajectory
variables are documented. These derivatives are used in setting initial
conditions on the adjoint variables to be integrated.

Earth-Orbit Mission

The orbit elements are diagrammed in the figure on the following page.

The equator constitutes the basic reference plane. The inertial "longitude"
reference is in the direction of the vernal equinox, which is defined here
to be the intersection of the plane of the ecliptic 1950.0 and the equator
of date.

The form of the equations used for the orbit elements is such that they
are valid for elliptic, parabolic and hyperbolic orbits.

Lunar Transfer Mission

In this mission, one is interested in boosting to burnout conditions that
will lead to lunar intercept in a stated length of time. In PRESTO conic
motion is assumed for the transfer arc,and numerical integration of the
trajectory is conducted only to burnout. Bumout, on any iteration, is
the time at which the (instant) combination of trajectory variables would
produce a coast to lunar radial distance in the specified transfer.time.
Thus, transfer time to lunar radial distance constitutes the stopping
parameter. The remaining requirement is that the vehicle position at the
end of this coast be the same as the Moon (intercept). This position
(angles of right ascension and declination) is computed from the trajectory
variables at burnout, again assuming conic transfer to the Moon. These
two angles constitute the terminal constraint parameters; their desired
values are found automatically by the ephemeris routine.

It should be realized that with the above formulation the optimum injection
conditions are found as an implicit part of the trajectory shaping process.

Finally, transfer orbit inclination can also be constrained to & specified
value by input option.

Planetary Transfer Mission

The terminal constraints formulation for the planetary transfer mission is
very analogous to that for the lunar mission. In this case, the magnitude

7-10




of the hyperbolic excess velocity vector constitutes the stopping para=-
meter, and its right ascension and declination direction angles are the
canstraint parameters. (The direction of the vector is that of the
asymptote to the departure hyperbola.,) As discussed in Section 9, the
characteristics of the departure hyperbola required for a specified
transfer are computed by the PLANEP subroutine. (They can also be input
directly.) Further, an approximation is allowed as follows. Since the
direction of the asymptote is stated in terms of its right ascension and
declination, an Earth-centered origin of the asymptote is implied. The
approximation employed is to accept any hyperbola (of the required energy)
whose asymptote is parallel to the required direction. Since typically
the asymptote passes within one or two Earth-radii of Earth center, the
approximation is relatively slight.

Again, it should be realized that with the above formulation the optimum

injection conditions are found as an implicit part of the trajectory
optimization.
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GEOMETRY USED TO DEFINE THE ORBIT PLANE FEATURES
IN SPACE-~~ORIENTED EQUATORIAL SYSTEM

OUTWARD
£~ RADIAL

OUTWARD RADIAL

3

H
By

w <3 0

For Planetary Mission-~Direction of hyperbolic excess velocity vector translated
to Earth center
For Lunar Mission--Vehicle position at Lunar radial distance

Booster burnout @, Right ascension of Outward Radial
Direction of Outward Radial B In-plane angle from ascending node
Equatorial projection of H ﬁp Argument of perigee

Perigee of orbit ¢= EYE Inclination of geocentric orbit plane
Equatorial projection of P 8, Declination of Outward Radial

Vernal equinox %  Inertial longitude angle from

ascending node
Qé Longitude of W
W Ascending node of the orbit plane

True anomaly
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DERIVATION AND PROGRAMMING OF OPTIMIZATION HQUATIONS



DERIVATION OF PROPERTIES OF ADJOINT VARIABLES

The steepest’descent method of trajectory optimization depends on obtain-

ing the effects of small changes in the control and trajectory variables on the
terminal constraints. These effects are provided by solving a set of equations
which are adjoint to the linear perturbation equations written about a nominal
trajectory. A derivation of the properties of the solution of the adjoint

equations is given here.

Assume a two-variable system which is described by the non-linear differential

equations

£ (x, y, tyu(t)) (1)

.
]

y g (x, y, t, u(t)) (2)
where x and y are the dependent variables, t is the independent variable and
u is the control variable. Assume that a solution to these equations is given

by the solid line in the figure. One is interested in determmining the effect

of perturbations Sxi, Gyi and 8 u on a function Z (x, y) at the terminal

time t .. gxi and Gyi are known at a particular time ti and 8u is a function

b

of time which is known from ti to tf.

7




The straightforward way to solve this problem is to obtain the solution
to Eqs. (1) and (2) with initial conditions
x; = x, + bx
i
vi =¥, * by
i
and a new control variable
u=u + Su
n
where the subscript n denotes the nominal value. The values of x and y at
the terminal time are then substituted into Z to determine §Z = Z(xy)

- Zn (xn, yn).

If the deviations from the nominal trajectory are small, this process is

equivalent to solving the set of linear perturbation equations

cy o é?c iy _‘?_f_g\ 91':3
T 63 33 39
5 = _v £ ~ Sy+ ¥ (L)

Note that if one wanted to change the time ti at which the perturbations
are known, it would be necessary to obtain a new solution to Egs. (3) and
(L) in order to find the terminal perturbations. Thus, it would be very
tedious to determine the effects of perturbations at all times t from ti
to t.. However, by solving the equations which are adjoint to Egs. (3)
and (L), it is possible to obtain the desired information with just one

solution of a set of differential equations.
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To derive the adjoint equations, begin with the form of the desired answer,

P P(Sut)  bpgtsty ()
t

}\x and Ay are functions of time which relate perturbations in x and y to

gz}{ = [)\XS)( +)_\),5y3
£

the perturbation in Z at the final time. P is an unknown function which

represents the influence of &u on Gz\t .
f

Consider the perturbed trajectory represented by the dotted line in the
figure. At time tl’ all the quantities on the right hand side of Eq. (5)
will have some value. At t2, they will have, in general, a slightly dif=-
ferent value. However, Sz’{ is always the same for a given perturbed
trajectory. Therefore, the quntities on the right hand side of Eq. (5)

must change in such a way that Szltf remains constant. The time derivative

of §Z "bf is zero.

5z|

L =07 )’\XSX + )\XS’X +)\'757 +)\7‘§:/+ P e

£

Substituting Eqs. {3) and (L) into {6) gives

' f ' of N
O = SX()\X+)\X%+A7§;3(—> +S}'(}‘y+)‘x§7+)‘/§>

+] P su(niE +/\,§%)] (7)

Ax, /\y, and P depend only on the nominal trajectory, One 1is therefore free
to pick any perturbed trajectory which will produce the desired results.

In particular, assume that €u is zero and that at some arbitrary time, §y = O.
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€x is the only remaining perturbation. In order to satisfy Eq. (7), the
coefficient of gx mst equal zero. Similarly, if Cx is assumed to be
zero wvhile Sy has some value, Eq. (7) is satisfied only if the coefficient

of Sy is zero. One is therefore led to the differential equations.

b 9F o9 (8)
XX_ %xéx AYS?

X = ‘AQF—% (9)
/ }' y

Egs. (8) and (9) are adjoint to the linear perturbation equations (Egqs. (3)
and (L)) with the forcing function &u set to zero. )\x and /\y are
referred to as adjoint variables. One solution of the adjoint equations

provides the effect of perturbations at any time t on Sz't £

To solve Eqs. (8) and (9), a set of initial conditions is required. These
initial conditions are specified at the terminal time, because it is at this
point that values are known for )\x and /\y. Referring to Eq. (5), it is

seen that at tr

M= 3% Ny =22
!
JX t.; 3}’

For Z = x,



Note that the adjoint equations do not depend on Z. Only the initial con-

ditions depend on the form of the terminal constraint.

Now consider a perturbed trajectory for which €u is not zero. The terms
in parentheses in Eq. (7) have been shown to be zero. The term in square
brackets must also be zero. 1Therefore

- —()‘Xw‘ 73?4)@ o

Integrating Eq. (10) from ty to t
41
[

of
P, - P}ch = [ulA3t 40224
f

At the final time ty, a change in the control, Su, can have no effect on

the terminal constraint. Py te is therefore zero, and

Pl [gq (L2220 o

Thus, to find the influence of changes in the control variable, one evaluates
the integral of Eq. (11), where )\x and )\y are solutions of Egs. (B8) and (9)

and the partial derivatives are evaluated along the nominal trajectory.

One is often interested in finding the perturbation in Z at the time that
another function S(x, y) reaches a certain value. S is referred to as the
stopping condition. Let T be the unknown time at which the desired value

of S is reached. Assuming that T is close to ty, one may write

§3
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where §t = T - tee SS)T must equal zero if the stopping condition is to

be met. Therefore
st = - -5-5—)
S 1y
Similarly,
Sz =352, + 2] st

Substituting Eq. (13) in Eq. (1k) gives

~M$l

$z|_ =
T S, te

szgf

§Z and SS at t. are given by
- o2 o2
$§2 = axéxa y§y
S = Vg4 B Sy

3 X Jy

Substituting (16) and (17) into (15) gives

3, (-2 525730,

8-6

(13)

(1k)

(15)

(16)

(17

(18)



Referring to Eq. (5) with t = tes it is seen that }\x and ,\y should

be given the following values at tg.

T _ 2 IS
)‘X = 9X S X

With these initial conditions, the solution of the adjoint equations will
determine the effects of perturbations in x and y on Z at the unknown time

when S reaches a desired value.
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DERIVATION OF OPTIMIZATION HQUATIONS

Define the following matrices:

d\l’l ] where d\yl is the desired change in terminal mass at the
d\lf2 time the stopping parameter is reached and in 3
¥ = . i =2, je, are the desired changes in the constraints
. at that time. Jc is the number of terminal constraints,
d\yjc including mass.
- -
[_Ah W Y 3G oM
o . -~ 4 e
M2 2 Where 7, :t,,t - Ay L ]
A= . —
oF 3G oH
A‘ Ax1 == A3 ")‘1:1.;71-”‘»'1 x
A7 5 Ljc L
— A -
A Xy A x Xy A A
vy %, r T m Y, 7\1 where the ()y's are
)‘v )'3' . . . . . the solution of the
2 2 ith set of adjoint
A = equations
N N N . A . A . A . N .
Ve T Tie T TTie Mo Yie Je |
SV
Sy
Sy
Sp 3 where SV = V on present trajectory - V on nominal
Sx = S trajectory at the same time.
Sy St is the deviation in inertial longitude
$a
. -
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W= 1 © where w 1is a weighting function for the secand
control variable ()

¥ - where ¥, is the weighting constant for
the first adjustable parameter

57 is the change in the pitch plane component of

$
sa = SV thrust attitude and &y is the change in the yaw
x plane component
Sll 812 . . . Slm wl;gre sik is the effect of the
821 . . . . ng k™~ adjustable parameter on the
th .
s i constraint
31
S =
S, . . . .
Jed Sjcj
L
r -
S—'r'l
&7, th
where Sri is the change in the i adjustable parameter
ST = .
ST
m

The effects of changes in the trajectory variables, control variables, and

adjustable parameters on the terminal quantities is given by

t
aV = ASx + jASadt+SST (1)
Y
One desires to determine the value of S8a(t) and §1 that will permit (1)

to be satisfied for a given dW¥ . There is an infinity of solutions to this
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problem. In order to determine a unique solution, one further requires that
the solution to Eq. (1) maximize the following quantity, i.e., make Q, which

is a negative number, as large as possible

t

Q = quTWSa it - STIYST (2)
t
£

The superscript T stands for transpose.

The problem, then, is to find §a and §7 which maximize Q, while satisfying
the constraint on dy¥ . Making use of Lagrange multipliers form the quantity

t,
Ve Q + 4T (d¥- A8x - [ASadt - SsT) (3)

*

Combining terms gives

¥

=f[JaT wsa - ATASCl]dt + /IT (d¥-A8x) -S'rTYsr-/,TSS'r (L)
t
{.

Note that V is equal to Q. The $& and £7T that maximize V will also maximize Q.
8V must equal zero for arbitrary changes in $dand $7 .
+0
§V = 0= f (s a W s(sa)+ s(sa)Wsa -,aTAS(Scc)] dt
t, (s)
- ¥ T
-5 Y s(sT)- (8T Y ST -4 S s(sT)

S(SQT)N $ & 1is a one-by-one matrix and is therefore equal to its transpose

saTw S(§T). Also, W= wl, Therefore,

t
§V=0:= J[Z.SccTw-,aTA] §(sa)dt-(2 STTY+,aTS) S(s'r) (6)
%
e

The coefficients of S(SO:) and S(ST) must equal zero if $V 1is to be zero
for changes in §4& and $T. Therefore,

§aT= 0.5 4TAW or Sa=05WA 4 (7)

and
sT7 = -054"SYY o sTa-05Y" s u (8)
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To solve for 4 , substitute Eqs. (7) and (8) into (1).

t]
AWV = Nsx +37 /Aw"ATa.t]/, - —;_gy't.s'l, (9)
t
and
A -1 -1
""2[/ANAaLt—S'Y s’] Ew—xsx] (10)
+
£
Substitute back into Eqs. (7) and (8) to give
N A T T
S =W A{_/ANAJJ:—SYS] (dW-X5x) (11)
+
3
-1 r E -4 T 4 T -1
5T =Y 5| AW AN d-SY ST| (d¥-Xsx) (12)
t

F

At this point it is useful to indicate the difference between the PRESTO
1,2 In Refs. 1 and 2,

the matrix in the brackets in Eqs. (11) and (12) is inverted only once at

optimization procedure and that of previous programs.

the initial time ti. The inverted matrix is then multiplied by the vector
dV¥ ($x is zero, assuming initial conditions to be fixed) to form a vector
of constants. This constant vector is then multiplied by W-lj\T , which

is a function of time to determine the entire §« time history for the

trajectory. §7 1is evaluated in the same manner with Y"lsT used instead of

w‘l AT . Thus, the changes in the control and the adjustable parameters
are fixed at the beginning of the forward trajectory. In control system

terminology, this is an open-loop system.

In the PRESTO program, every point is treated as the initial point. The

time ti becomes the running variable t and the bracketed matrix is inverted

lKelley, H. J.
9L7-953 (1960).

2Bryson, A.E., and Denham, W. F., "A Steepest-Ascent Method for Solving
Optimum Programming Problems," J. Applied Mechanics 29, 247-257 (1962).

"Gradient Theory of Optimal Flight Paths," ARS Journal 30,
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at every point of integration while running a backward trajectory. During
forward trajectories, the change in the control to be used for the remainder
of the trajectory is recomputed at each point, taking into account the
deviation from the nominal trajectory at that point. The program operates
in a closed-loop fashion because it continuously checks how it is doing in
its attempt to satisfy terminal corditions.

The advantage of this closed~loop approach is that larger deviations from
the nominal trajectory can be tolerated while still meeting terminal conditions.
It is, therefore, possible to move more rapidly from the initial nominal

trajectory to the optimum trajectory.

It is not possible to use the closed-loop mode of operation for the entire
trajectory. Near the end of the trajectory the control variables become too
sensitive to small perturbations from the nominal. It is, therefore, necessary

to switch back to open-loop operation at some point on the trajectory.

Selection of Initial Improvement in Terminal Mass

In general, one does not know how far from the optimum a given nominal
trajectory will be. It is, therefore, difficult to guess how much mass
improvement to ask for. On the other hand, one can predict reasonable values
for the expected changes in control variables and adjustable parameters. The
procedure to be used, then, is to guess changes in the controls and let the
computer determine the corresponding change in terminal mass. The required

calculations are given here.

Define sz as

T

ar” = fSaTNSO(oLt-ST Y ST (13)

sz is a measure of the amount of control change. To obtain an estimate of
dP2, average values of Sq and $)X are selected. These are squared and
mulbiplied by the expected burn time to get an approximate value for the
integral. Reasonable changes in the adjustable parameters are also selected
and their squares, modified by the weighting functions, are added to the

. . 2
integral terms to determine dP .
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Substitute Eqs. (11) and (12) with §X = O, into Eq. (13) to ocbtain dP? in

terms of the changes in the terminal constraints.,

A ) -1
2 = aw? [ AwA 4t -SY‘S'] LW (1)
73

Let the inverted matrix be denoted as A with components Aij. Split the d

vector into two parts, Smd and d @ .

ay = $my
a3

where Smd is the initial change in terminal mass and

Fsz
dﬁ =
av
L ¢
The object now is to solve Eq. (1L) for Smd in terms of ap? and dg.
Rewrite Eq. (1) as
) A A . . . . .
@l = [Smd dQ)] All A12 A $m,
21 22 23 4
A ®
. 32 .
Let the minor of All be designated as
A22 A23 . . .
M = A . . .
32 *
Then aP? = A, Sm° + 2N'a@Sm, + df'Map (15)
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where ~ .

Solving Eq. (15) for Smd gives

T T
‘Smd = _:jl‘:__.‘?ﬂ. + dp2 ..d;aT M - N.%I_ ag
11 11 .

Au

8-1h
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PROGRAMMING OF THE OPTIMIZATION EQUATIONS

The programming of Eqs. (11) and (12) of the previous section will be described
here. The quantities that are to be stored differ depending on whether the
conputation is in the closed-loop or open-loop mode. To indicate the differ-
ence, Eqs. (11) and (12) are rewritten in the following manner.

Closed Loop

s = Bd¥ -DdX (1)
§1 = Cdy -EdX (2)

where B = WAL A

+; -1
s = J'tsw‘lszdt - syt
*
= BAX
c = xsTa
Open Loop

sa= wiaTx (3)

g7 = 15Tk (L)

where K = A [d\V-AdX]

Note that K is evaluated only once, at the point that the computation switches

from closed to open loop operation.

Terminology

A forward run goes forward in time. With the exception of the first forward
run, all forward runs are either guidance or optimizations runs. On a forward
guidance run, one attempts only to meet terminal conditions. On a forward
optimization run, one attempts to obtain mass improvement along with meeting
terminal conditions. The first forward run (the initial trajectory) uses a

control program that is read in.

A backward run goes backward in time. All backward runs are either guidance
or optimization runs depending on whether the following forward run is to be
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a guidance or optimization run. The equations for the quantities which are
to be stored on the backward run are different for guidance and optimization.

A count is made of the number of integration steps. KPOINL is the number
of the integration step at which the computation switches from the closed-
loop to the open-loop mode of operation.

The number of constraints, including mass, is given by JC. IC is 1 for

optimization runs and 2 for guidance runs.

Computations to be made on Backward Runs

e N
3F 2G dH -
v I My
Ny Evs o T eyt ‘VJ_S_”-:I 5)
> j.i,J'C
3F 3G dH

A"J"E\VJ s T )‘v,- SX T )‘\VJ' ‘a'_y_] (6)

~/

The A's are stored from the final point to KPOINL, They are placed in the
DD storage area. The indexes ML1 and ML2 are the row locations in storage
for the two columns of the A matrix being stored at the current integration
step. ML1 and ML2 start at 303 and 304, respectively, and are reduced by
two at each integration step until KPOINL is reached. Then, MLl and ML2

are set equal to 1 and 2. During the closed-loop portion of the trajectory,
the current A matrix is stored in the first two rows of DD.

‘ Rk Tl Fin IV
t
f
for all 1, j from 1 to jec for i € j
J = Z SLK ij T . .
i3 Y“K'—' L J 1,..7C for =) (8)

Jij is computed only for the values of k corresponding to adjustable para-
meters that are being optimized. The following table relates the value of k

to a particular adjustable parameter.
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Adjustable Parameter

Length of coast after second bum in stage L
Length of second burn in stage L

Length of coast after first burn in stage L
Length of first burn in stage L

Length of coast after stage 3

Length of coast after stage 2

Length of coast after stage 1

Time of day of launch

\OG)\IO\\JIJ:"\.OI\)F—’IW

Initial azimuth angle
Initial flight path angle

[}
(@]

Sik is computed as follows:

for 1< k< 8

where P = F\'I

P is evaluated at the end of the coast or burn that is being optimized.

for k = 9 and 10 . T
] . X
Sig = A\V1 5110 = )\It
My, A
A\ LA‘ Jc
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Iij and Jij are added term by term. The matrix (Iij + Jij) is then inverted.
On backward guidance runs, ‘the first row and column of (Iij + Jij) are not
included in the matrix to be inverted. On backward optimization runs, the

entire matrix is inverted.

Let the inverted matrix be represented by A. Store A when KPOINC = KPOINL,
It is known as A92 at that point.

Je

" Z Anjy Ay 1% IC, veeeeesssedC (9)
j = 1IC

ov]
i

Byy = > Ay Ay 1 % IC, vveveeseesdC (10)
Bl = > By AV (11)

B, * = z Byy 4V, (12)

Store Bll and B21

second column. Two rows of the B matrix are stored at each integration

in the first column of B matrix and B12* and B22* in the

point. The indexes MBlL and MB2 give the row locatiom of the matrix being
stored at the current time. The B's are stored only during the closed-loop

paert of the trajectory.

Je S. A
N U .
Gy = - 2. LS5 1= IC, verueendC (13)
j=1C Y

The C's are computed and stored, at one time point only, after each adjustable
parameter, or gwroup of parameters, is introduced. The number of rows of the
C matrix that are stored at any one time depends on the number of parameters
remaining to be adjusted from that time forward to the end of the trajectory.
The indexes MCl and YMC2 represent the first and last row of the matrix being

stored at the current point.
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D=B2X : (14)

Dis a 2 x 7 matrix. It is stored in the DD storage area. The indexes MBl

and MB2 give the row location of the D matrix being stored at the current
time. D is stored only during the closed-loop part of the trajectory.

E=CX (15)

E has the same number of rows as does C. It is computed and stored at the
same time as C and uses the same indexes, MCl and MC2.

Computation to be made on all forward runs after the first

For KPOINC < KPOINL (closed-loop)

.
87 = BAV) ¢ Bx - 2D 8x, (16)
=)

7
SU = BydVy ¢ Byw = 2Dy, 85k an
=1

c
§Ty = ?. c C ¥, - il:-l Eeg 5% (18)

For KPOINC = KPOINL
Compute K = A [d\l’ - X&x]

where A and A have been stored at this point on the last backward run.

For KPOINC = KPOINL

JC
1 JC

ST SN (20)
1 JC

st F, JZ-'IC K8 50 (21)
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Logic for Determining Sequence of Runs

The first run is forward with the trajectory variables for the following
backward guidance run stored. The second run is a backward guidance run.
The third run is a forward guidance run. After each forward run, the
quantities d\f)i (i =2, seesy JC ) are computed. A check is then made
of the magnitude (absolute value) of dVy 4 compared to permitted values of
the deviations, d\(pi , which will be read in. If

\d!fli‘ L ody, forall i, 1=2, ..., I

then a backward optimization run is made. If {d\r’il>d\ilpi for any i,

then a backward guidance run is made. A forward guidance run follows in an
attempt to satisfy the check on termminal constraints. If satisfied, a backward
optimization run is made. If not, another set of backward and forward

guidance runs is made. This process continues until the constraint check

is satisfied, after which a backward optimization run is made.

At the end of the backward optimization run, Smd is computed. If the
square root is real and Smd is positive, a forward optimization run is
made. If the square root is complex or if Smd is negative, an input
value of Smd is used. A forward optimization run is then made. At the
end of the forward optimization run, the following checks are made:

(1) 1is Sm}tf positive, where Sm‘tf = m atendof run -m at

end of last forward run.

If the answer to this is yes,
(2) is ay,| L dY,; forall i

If the answer to this is yes, a backward optimization run is made followed

by another forward optimization run.

If the answer to either question is no, then Smd is cut in half and another
forward optimization run is made. This continues until the answers to questions

(1) and (2) are both yes.
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Eventually, the improvement asked for in mass, & my s becomes less thane .
At this point a backward guidance run is made, followed by a final forward

guidance run.

The logic is illustrated in the following diagram.

Discontinuity in Adjoint Variables Across Closed-Form Coast Periods

The perturbatiors in trajectory variables are discontinuous across a closed-

form coast. Consequently, a discontinuity must be introduced into the
adjoint variables so that

a¥ = AT gxl - A2 82 (22)

where the superscripts 1 and 2 represent the beginning and end of the

coast, respectively.
The perturbations at the end of the coast are expressed in terms of the

initial perturbations through the equation

$.2 - % 1 (23)
x S
X1

Substitute Eq. (23) into (22) to give

Sx
éxl

The coefficients of le on both sides of Eg. (2L4) must be equal. Therefore

2 a"2

A = A (25)

Iy

The matrix of partial derivatives is
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SV, 3V, oV, o
oV, =D N dn,
37, 3%, 37, 0
Y, ¥, ANy
O, Sn, A, 0
3V, Y, 3N,
b
oF= - o) o o 1
3,%1
o] (o] o (o)
Y, 3V, I, o
oV, o7, day
AN, X, O, o
3V, Y, O Ay
L.

These partial derivatives are evaluated as indicated in the next section.

Derivatives Across Closed-Form Coast

3V, oV,
SV, oA,
a7, 3%,
YA X,
(o) (]
AT, AT,
(o] O
IV, 3V,
A A AN,
O, o,
SV, 3N,

For the solution of adjoint equations across a coast trajectory, an evaluation

is required of partial derivatives of the state variables at the end of coast

with respect to state variables at the beginning of coast and with respect to

the (time) duration of coast. For the coast stages being computed using

closed-form equations, these partials are evaluated numerically by using

the coast equations. That is, a nominal calculation of the coast provides

a set of state variables at beginning and end of the coast. Then, by

entering the coast equations again with an incremented value of initial velo-
city (e.g.) a new {perturbed) set of state variables at the end of coast is

obtained. The partials of the state variables with respect to initial velocity

are then formed by a simple ratio of differences obtained in the two calcula~

é_(_vl.' ,.l-’ a’l.l ll: "-ll K), -

tions. This procedure is used for S, M, Vo Ay T, W)
* L 1 ? g

It

includes transformations from rotating to inertial at beginning of coast and

from inertial to rotating at the end.
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The partials of state variables at end of coast with respect to the coast
duration are formed in the same way as in the integrated coast stage,

That is, time derivatives of the trajectary variables at end of coast, with
thrust = 0., are obtained from the DEHJ subroutine. These are multiplied by
the local coast-angle rate-of-change to obtain the rate-of-change of the

state variables with respect to coast angle.

Initial Conditions for Integration of the Adjoint Equations

Referring to page 3-7, it is seen that the initial conditions on the
adjoint variables are specified at the final time and are given by

Sz 233
Mo (5 g‘j:)-

t ot
where x 1s one of the trajectory variables

Z 1is the terminal constraint

and S 1is the stopping parameter

In PRESTO the first set of adjoint equations is always used for the mass
constraint and the remaining sets for the more general constraints. Thus,
for the first set of equations, Z = m, and the initial conditions are

given by
An s () (5 Am -2
Ao- A (GF o 1R

The initial conditions for the other sets of initial conditions are
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In the coding of the ICS subroutine, a great many partial derivatives and

total derivatives are formed, The following nomenclature conventions
are used.

For partial derivatives the first letter is P, the middle is

the dependent variable, and the last letter is the independent
variable. TmsPVHVI = aV./ oV, .

For total derivatives the first letter is D and the rest is the
same. Thus, DVHV = dVH/dV.
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PRESTO ATMOSPHERE SUBROUTINE
(1959 ARDC MODEL)

Requireds Density, Pressure, Speed of Sound

(0 (p) (a)

Symbols

h geometric altitude in feet (h = r - Rg)

B+ geopotential altitude in geopotential feet?

P density in slugs

P pressure in 1b./ft.2

a speed of sound

Ty Molecular-scale temperature in °R @ altitude H# '

L, gradient of T in terms of H¥; di.e., é}gg in °R/ft.
Subscripts

o ° denotes property at sea level h = Hit = 0

b ¢ denotes property at base of particular layer

Constants
go = 32.15L856 f“b/sec2 {acceleration of gravity measured at sea level)
R = 1715.4827 ft2/°Raec2, gas constant for air

Ry = 20,902,900 ft., radius of earth

Equations

TYPE I (Ip)y, = O
Ty = (Tyly

- -go(He- I4,)
- o i)

p - /OR*.(TM)b

a = V lohR*(TM)b



TYPE II (L), # 0
Ty = (Tyy + (Lyp (B¢ - H¥)
P = pfp l:l+

p= /°R*TH

Gy

a= V 1. LLR’)(JI'M

H+

0
36,089,239
82,020,997

154,199.475

173,88L.51,

259,1864352

295,275.591

3lk,L88.189

l. Assume -—h—ag( ) - ——H—S( )

TABLE OF CONSTANTS AT BASE ALTITUDES

(LH)5(H* - H*b{]

(T,

518469

389.988
389,988
508.788
5084788
298.188
298.188
406.188

(Typy,

~3,56616 %10~

o}
1.646592x10™

o]

0]

3

3

-2.1,6888 x10™>

2.19L56 x10~>

1.09728x10~2

DERIVATIVES OF (e, p, &) WITH RESPECT TO ALTITUDE

-2.8829x10

&3

2. For TYPE I (I.M)b =0

9L a

dh

2 _, )
S - BTy,

j—'—& =
ah

0

Lo
2.3769x10™>
7.05h7x10'h

7.7615x10~>
%

4
~3

1.3964x10
1,.1123x10
110 2560x10™7
2.2243x107°



3¢ For TYPE II (I‘M)b * 0

- 1+ Bo (LM)b
Sp ’ Bx(Ty)y, | | Ty

L

BT (G, (B - B
3 [1+_(1Mb(. b]
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Purpose

SUBROUTINE LUNEPH

The subroutine calculates the position of the moon at a given date.

Input:

Output 2

Calling :
Method of Solution:

Accuracz:

T = date in “space age date" (number of days since
Janvary 0.0, 1960) at which the position of the
moon is calculated.

R = position vector (distance in feet, right ascension
and declination in radians) of the moon relative
to the earth in the inertial coordinate system
defined by the Ecliptic 1950.0 and the equator of
date.

CALL LUNEPH (T, R)

The program utilizes the equations derived in
"Development of a Computer Subroutine for Planetary
and Lunar Positions," by H. F. Michielsen and

M. A. Krop (WADD Technical Report 60-118).

The ephemeris is analytic in form,where the lumar
distance and two position angles are computed from
summations of time<periodic terms.

Maximum errors in computed lunar radial distance
and angular position are approximately 75 miles
and .05 degrees, respectively.
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SUBROUTINE PLANEP

Pugos e

The subroutine calculates the hyperbolic excess veloéity vector for
leaving earth and going to Venus or Mars.

Inputs: Tl = date leaving earth, expressed in "space age date"
(number of days since 1960.0).

DELT » +trip time from earth to arrival planet in days.

IB = arrival planet number Mars = 2
Venus = 3

Output s: VH = hyperbolic excess speed vector (magnitude, right
ascension, declination) in the inertial coordinate
system defined by ecliptic and mean equinox 1960.0.

Calling:  CALL PLANEP (TI, DELT, IB, VH)

Method of Solution: The subroutine is an extract from the Lockheed
"Medium Accuracy Interplanetary Transfer
Program" (S. Ross). This program assumes the
planets to move in fixed heliocentric ellipses
mutually inclined. Using a modified form of
Lamberts Theorem the routine solves for the
heliocentric transfer arc connecting the two
planets at the specified dates. It then computes
the geocentric-referenced magnitude and direction
of the heliocentric ellipse velocity at Earth
center. This geocentric velocity represents the
required magnitude and direction of the departure
hyperbolic excess velocity vector. That is, the
asymptote of the departure hyperbola must be
directed along this vector. An approximation
is allowed, however, in that any hyperbola (of proper
energy) whose asymptote lies parallel to the required
vector is acceptable. Thus, a "conic overlap"
construction is employed instead of a matching at
a particular point in space. This construction
materially simplifies the calculation procedure and
comparisons have shown that the accuracy obtained
thereby lies well within design tolerances.




THE RKAD INTEGRATION SUBROUTINE

The integration subroutine in PRESTO makes use of both the Runge-Kutta and
the Adams methods of integration. The Adams method is faster than the
Runge~Kutta but requires knowledge of the variable at a number of points
prior to the current point. It, therefore, cannot be used to start the
integration. The Runge-Kutta method does not require past information and

can be used to start the integration.

The approach used in the program,then,is to start the integration with the
Runge~Kutta method and to switch to the Adams method after four steps of
integration. This procedure is repeated at the beginning of each stage
because the Adams method cannot tolerate the thrust discontinuities

associated with staging.

If there are any discontinuities in thrust or rate-of-change of thrust within
a stage, it is necessary to use the Runge-Kutta method until the discontinuity
has been passed. Provision has been made in the program to keep the inte-
gration package in the Runge-Kutta mode until a velocity, specified in the
input, is reached. Also, if the change in angle-of-attack exceeds 15 degrees

from point to point, the integration will switch to the Runge-Kuita method.

The Runge-Kutta method used is standard. The Adams method computes the incre-

ment in any variable in terms of the current derivative and the derivatives

at the three previous points. The increment sy'is given by
' ' . . S.t
Sy= (S5 -STh +37), “‘”*)‘2‘47

where S‘l_‘ is the size of the integration step, Yl is the current derivative,

and yz is the derivative one point back, etc.
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#% THIS SUBROUTINE HAS "“EN

SUBROUTINE REPLACED BY SUBROUTINE
v TNVERT SYIMVRT, PAGES 9-9 and 9-10

Purpose July 24, 1964

This subroutine calculates the inverse of a matrix.
Method

The method of Crout is used. The matrix 4 is decomposed into an upper
triangular matrix U and a lower triangular matrix L such that A =1L U,
Then L=1 and U-1 are computed by a closed set of operations., A=l=U-1L-1
is then computed. During the decomposition a pivot search is employed
following Wilkinson's precriptions for retaining accuracy. For a complete
description of the Crout method see F. E. Hildebrand, "Introduction to
Numerical Analysis," McGraw-Hill, 1956, pp L29-L39.

Usage
Entrance is made via the FORTRAN statement in the calling program,
CALL INVERT (A, IMAX, ISING)
where 1) A is the tag of the matrix to be inverted. After the
inversion is complete, the inverse is stored in this tag.
Therefore, the original matrix is destroyed.

2) IMAX is the number of rows in the matrix.

3) ISING will be set equal to zero if the inversion was
successful. ISING will equal one if the matrix in A was
singular.

The above dummy variables may be replaced by other suitable names. For
compatibility purposes with this subroutine which was compiled with
dimension entries of 6x6, dimension entries for the 2 dimensional arrays
in the calling program must have a row dimension equal to 6. All the
entries of 6 in the subroutine can be changed to a more suitable value.

Space Required

80710 (1hh7)8 locations
Timing

Running time (T in seconds) is approximately T = .OOln3 s Where n is the
number of rows in the matrix.

Restrictions

There are no inherent limits of the size of the matrix to be inverted.
Accuracy of the inverse depends upon the particular case. It is recommended
that the multiplication A A-l=I to be performed and the identity checked.
For a large group of 70 x 70 production cases this check has been made and
the identity was observed to be accurate to no less than six decimal places
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in all cases. A badly conditioned matrix like the Hilbert matrix will fail
miserably at 7 x 7.

Author

Ira Hanson, Lockheed Missiles & Space Company
July, 1961
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F1*ML F HSIV
SYMMETRIC MATRIX
INVERSION

IDENTIFICATION

F1*ML F HSIV SYMMETRIC MATRIX INVERSION
Ira C. Hanson
November 1962

PURPOSE
This subroutine calculates the inverse of a symmetric matrix.
METHOD

The algorithm of Cholesky is used to decompose the symmetric matrix A into
a triangular matrix B such that A = BB¥. -The asterisk denotes transpose.
If the matrix A is not positive-definite the matrix B will contain some
imaginary elements. The triangular matrix B is then inverted by direct

elimination. Since (B-1)* = (B¥)-1 it is unnecessary to compute (B*)-1.
The final inverse is then computed as follows. A-l = (B*)-1 B-1_ A11
imaginary elements drop out at this point. Only the upper triangular
part of A is used in the computation.

For a complete description of the algorithm of Cholesky see E. Rodewig,
"Matrix Calculus," North Holland Publishing Company-Amsterdam, 1956,
pp. 110-11k.

USAGE

Entrance to the subroutine is made via the FORTRAN statement in the calling
program.

CALL SYMVRT (A, N, ISING)

where 1) A is the label of the matrix to be inverted. Only the
upper triangular part of A is required. After the
inversion is complete, the inverse is stored in the lower
triangular part of A. The original matrix is destroyed.

2) N is the number of rows in the matrix.

3) ISING will be set to zero if the inversion was successful.
ISING will equal one if the matrix in A is singular.

The subroutine uses three temporary single subscripted arrays. These arrays
must be dimensioned at least as large as the row entry of the A array. These
arrays may be placed in COMMON to conserve storage if desired.

RESTRICTIONS
The Cholesky decomposition will fail if a zero appears during the computation

of the diagonal elements and alsc if A(1l,1)=0. This does not necessarily
mean the matrix is singular, but it does mean the calculation of the inverse



has failed. There is no practical fool-proof method of apriorily inter-
changing rows and columns to avoid this trouble. Interchanging after a
zero is detected is not a solution because the remaining elements may also
be zero and the matrix still not be singular. Therefore no pivot search
is attempted in this subroutine and it should only be used in a physical
application where it is known that this restriction is not prohibitive.
Otherwise the Crout method subroutine F1 * ML F HINT should be used which
has a complete pivot search,

SPACE REQUIRED

620 cells are required.

TIMING

Running time (T in seconds) is approximately T = .00005 n3, where n is the
number of rows in the matrix. A 36 X 36 case took 3.6 seconds.

ACCURACY

Accuracy depends on the particular case being run. E. Bodewig says, "a

feature of the method is that it yields smaller rounding errors than the
method of Gauss-Doolittle or other methods". Several random cases were
compared with the Crout inversion subroutine F1 * ML F HINT and in all
cases the AA-l1 = I check was as good as or better using SYMVRT.

Author: P CL \ :':':'.:
Supervisor:

Systems:
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OPTIONS



4 AND qe CONSTRAINTS

The program contains an option for keeping ™ = 0 or g% below a specie=
fied value for a given time period. IP(ll) in data block L4 is used to
activate this option. The magnitude of g& and the time period of the
constraint are gpecifiedin data block 22,

When the zero-alpha option is used, Y\ and X are set to zero on for-
ward trajectories for the time period over which the constraint is to
be applied. During this time period on backward trajectories, the
integrals I;; are held constant. This is done because the control
variables are fixed and cannot effect the terminal constraint
quantities.

For the Qeo{ constraint, ©¢ is set equal to (g<)/q in the region

where the constraint would otherwise be violated. To accomplish this,
and’. are reduced by a common percentage. On backward trajectories,

the integrals Iij are held constant during the interval that q«{ is on

the constraint boundary. On forward trajectories,g'\ and are com=-

puted as if there were no constraint. The resulting values of '\ and 74

are then limited as mentioned above.

Note that either eta or theta may be specified as the control variable
on the initial nominal trajectory. Also, the constraint is removed
at the first integration point after the time specified for removal of
the constraint. Thus, if it is desired to remove the constraint at
the end of a first stage which bums for 100 seconds, set the time far
removal of the constraint at 99.9 seconds.



FIXED FINAL STAGE OPTION

The purpose of this option is to solve for the maximum payload capability of a
configuration which has & fixed burn time in all stages. Each forward trajectory
terminates as it normally would when the intended value of the stopping parameter
is reached. However, the payload and thus the gross weight, is adjusted at the
beginning of each trajectory so that all the propellant in the final stage should

be used when the stopping condition is satisfied.

The option is called by setting IP(1L)=1 in data block L. Stage weights should

be computed using the best possible estimate of payload.

At the end of the first forward guided run, the fuel remaining in the last

stage is computed. This quantity is called DWFUEL. If DWFUEL is less than 1%
of the final weight, the guided run is successful, assuming the other terminal
constraints have been satisfied. If DWFUEL is greater than 1% of the final
weight, the forward guided run is unsuccessful and a backward guidance run is
made. At the end of this backward run, the change in payload requiredto zerco
DWFUEL, while meeting terminal conditions, is computed. This quantity is called

DWP, DWP is computed as follows.

The changes in the control variable and adjustable parameters required to meet

terminal conditions with no constraint on final weight are given by

s w"/\'r[t AW E-SY's T)" |d¥-Asx] (1)
£

n

it

£T

A -}
Y STL{/ AT - SY"S*] 4y-x8x ] 2)
The equations are identical to the basic control equations with the exception

that the first row and/or column of all matrices are left out.
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The change in final mass that will be produced by given changes in initial
conditions, control variables and adjustable parameters is
5
S = A OX + fA,S.uJ’c + ST (3)
Y

where )\’ is the first row of the A matrix
/\l is the first row of the A'matrix
C, 1is the first row of the S matrix

S"( and S')' required to meet terminal conditions are given in Equations (1)

and (2). Substitute these values inato Equation (3).

Sm

i
= )\, 9K + [/\\W"/\Td’c-S,Y"ST}A[J?’-ASx] (4)
AN

where P. is the inverted matrix appearing in the brackets in Equations (1)

and (2).

Equation (L) gives the changes in final mass associated with adjusting {o and Y
in order to meet terminal conditions in the presence of an initial perturbation tg-X .
The only component of SX that is not zero is Sm;,, the adjustment in launch

mass that is to be determined.

Lt F = [ fX.w"ATJt-S,Y'B*]h
++

and G = FA
Then Equation (L) may be written as

S, = (hny= Gs)Sm + FIY (£)
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where A is in the fifth column of the row matrix A, end Gg 1s in the fifth

column of the row matrix G.

The net change in final mass, assuming DWFUEL is to be zeroed is

=§M' _ DWFVEL (-6)

Swa : 7

F

Substitute this expression into Equation (5) and solve for IWP where Py/p =9‘,SM;.

The result is
DPWFVEL + 9, FdY
}_ )‘Ml + G!

dwp =

This calculation is made in the MEQ subroutine at the end of every backward

guidance run after the first one.

On forward optimization runs the change in launch weight is set equal to
the sum of the fuel remaining on the last nominal plus the expected increase

in final weight; i.e.,

DWP = DWFUEL + d‘f]

Thus, if the expected improvement is obtained, there will be no fuel left at
the time the stopping condition is reached. The Quantity J‘f" is printed out

as DW FINAL.

At the end of each backward guidance run, the partial derivatives relating

DWFUEL and d‘{(. ((',: 2, L) to WP are printed out. These quantities are
obtained from Eq. (7). The effect on payload of any errors in fuel or terminal
constraints on the last guided run may be determined through use of these partial

derivatives.

10-k



CIRCULAR PARK ORBIT OPTICN

The purpose of this option is to introduce a circular park orbit
at or above a specified altitude. This option is activated by specifying
stage 8 as the park orbit coast stage. The stage preceding coast stage 8
must be one of the first two burns of stage L. This burn duration is not
to be selected as an adjustable parameter., Adjustment of coast stage 8
duration is optional. The minimum allowable altitude for the park orbit is
specified in data block 23.

The fourth stage burn preceding coast stage 8 is terminated when
local circular orbital velocity is reached. A constraint on inertial
flight path angle equal zero is automatically introduced at the end of
this burn. If the altitude of the park orbit falls below the specified
minimum level on a successful g{xidance or optimization run, then a constraint
is placed on the altitude. The permitted deviation from these two inter-
mediate constraints are specified in data block 29, immediately following
the permitted deviation in the terminal constraints. The permitted devia-
tion in inertial flight path angle comes first. It is suggested that .1
degree and 10,000 feet be used for the deviations in path angle and

altitude, respectively.

Because of the fact that the burn preceding coast stage 8 teminates
when a stopping condition is reached, rather than at a fixed time, there is
a discontinuity in the adjoint variables at that point. This discontinuity
arises because deviations in certain trajectory variables affect the time
at which the burn will end. This change in burn length, in turn, affects
the terminal constraints. The method for computing the discontinuity is
indicated below.

Let S, a function of the trajectory variables, be the stopping para-

meter. The nominal trajectory reaches S at time tn « The perturbed

rertDrLeJ | 2
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tra jectory reaches S at time tp. Point 1 occurs at tn for both the nominal
and perturbed trajectories. Point 2 represents the time at the beginning
of the coast for both trajectories.

Consider the basic pert:rbation equation
dY = ASx +/AS=<cH,+ S s (1)
g

For a specified perturbed trajectory, JY is constant regardless of the

time at which (1) is evaluated. On the nominal trajectory, points 1 and 2
are coincident. The contribution of the last two terms on the right hand
side of Eq. (1) to dY is, therefore, the same at points 1 and 2. If J')V
'is to remain constant, )\'5)(l must equal )\zc?xz , where the superscripts

denote points 1 and 2.

2
S X is found from the equation

Sy2= Sx'+x'St (2)

where Xl is the rate of change of trajectory variables at 1 and

Let €& be the change in the stopping parameter at tn on the perturbed
trajectory. Then

St = -5 (3)

[}
|
where S is the rate of change of S at point 1 on the nominal trajectory.
Substitute Eq. (3) into Eq. (2)

’\
Sx' s Sx' - 8 (k)

] !
Substitute Eq. (L) into the expression )\ SX T )\25)(z

‘'l
)\)5)(, = )\lsxl - )\1-.)%. gs (5)
S
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SS may be written as

= o3 syl (6)
$S= :9)( X

Substitute Eq. (6) into Eq. (S) to give

|
Il a7 . L 25 gyl
)\§X = /\[I <l 3-;]01 (7
The coefficients of S)(‘ are the same on both sides of Eq. (7). Therefore,
|2 )'< S

The adJoint equations are integrated backwards in time. )\ is therefore

known. :;')_{ and S are evaluated on the backward trajectory. X | is

stored on forward trajectories.

For the case at hand, the stopping conditlion is that

S=Vr - JZJF_— . (9)

Then
3 _ {9k % (‘;YI VC>O oa_\i; |
57‘575‘7 35 Yor P Sa
and

where Vc is local circular orbital velocity.
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TOTAL FLIGHT TIME CONSTRAINT

For trajectories containing at least one coast, it is possible to
constrain the total flight time. IP(13) in data block L is used
to activate this option. Total flight time is specified in data
block 17. This option can be used on all six missions.

The length of the last coast in the trajectory is used to meet the
total time constraint. The time change in this coast is set equal
to the negative sum of the changes in earlier coasts plus the error
in total time on the last forward trajectory, i.e.

3T, = -(% S'L’K + time on last forward - desired total time)
K
where the subscript V denotes the last coast.

Because changes in all earlier coasts are compensated for by a change
in the final coast, the S vector associated with each early coast is
changed. For a coast corresponding to adjustable parameter k, the
term S;) is replaced by Sjk=5i -

The last coast is included as an adjustable parameter in data block 6.
However, the S vector associated with this coast is set to zero by
the program,

The d}L’ vector (corrections in terminal constraints) must be adjusted
to account for the change in the last coast associated with the error
in total time on the last forward trajectory. If this error is
dencted by 8T, the quantity Siv8T is subiracted from &]Ui before the
last coast. After the last coast, each ¢J/; is restored to its
original value,

Note that stage 5 {the integrated coast) may not be used as the last
coast.
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COAST RADIUS OF PERIGEE CONSTRAINT

This constraint is used to prevent the altitude during the last coast,
in the input stage sequence, from falling below a specified value. The
constraint is applied if, and only if, closed-form coast stage 9 is
used for the last coast stage. When activated, the constraint is
placed on the coast perigee altitude. The minimum allowable altitude
is specified in data block 23, In addition, a permitted deviation

from the minimum allowable perigee altitude must be specified in data
block 29, as is done for the selected terminal constraints., This
number is inserted immediately after the last number appearing in this
block; i.e., if there are two terminal constraints to be met, the addi-
tional number would be placed in the third position. Also, the transi-
tion from closed-loop to open loop operation must occur before the last
coast,

At the end of the last coast stage, a series of tests are made to deter-
mine whether the altitude during the coast violated the minimum allowable
level, If the coast radius of perigee is above this minimum level,

the- altitude during coast will be satisfactory. However, if the radius
of perigee is below the minimum allowable value, the perigee constraint
will be activated unless the coast has all of the following properties:

1) The altitude at both ends of the coast must be above the
minimmno

2) The flight path angle must be positive at the beginning
of coaste

3) The coast angle must be less than 180°.

If any of these conditions is not met, and if the forward run is a
guidance run that meets terminal conditions or a successful optimiza-
tion run, then a radius of perigee constraint is applied to the last
coaste

After the program decides that a perigee constraint is required, a
backward guidance run is made. The number of terminal constraints

is increased by one to make room for the additional constraint. At
the end of the powered stage preceding the last coast, the initial
conditions for the adjoint variables associated with the perigee
constraint are introduced. Thus, the perigee constraint is identical
to any other terminal constraint except that it is to be satisfied

at the beginning of the last coast.
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“The aeronautical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of buman knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning ils activities and the resulls thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958
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